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SINGULARITIES AND ANALYTIC TORSION
KEN-ICHI YOSHIKAWA
Abstract. We prove the logarithmic divergence of equivariant analytic tor-
sion for one-parameter degenerations of projective algebraic manifolds, when
the coefficient vector bundle is given by a Nakano semi-positive vector bundle
twisted by the relative canonical bundle.
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1. Introduction
Let X be a connected projective algebraic manifold of dimension n+ 1 and let
C be a compact Riemann surface. Let π : X → C be a surjective holomorphic map
with critical locus Σπ and with connected fibers.
Let G be a compact Lie group acting holomorphically on X and preserving the
fibers of π. Assume that there exists a G-equivariant ample line bundle on X . Set
∆ = π(Σπ), C
o = C \∆, X o = X|π−1(Co), π
o = π|X o and Xs := π
−1(s) for s ∈ C.
Then πo : X o → Co is a family of projective algebraic manifolds with G-action.
Let TX/C be the G-equivariant subbundle of TX|X\Σpi defined as TX/C =
kerπ∗|X\Σpi . Let hX be aG-invariant Ka¨hler metric on X and set hX/C = hX |TX/C .
Let ωX = Ω
n+1
X be the canonical bundle of X and let ωX/C = Ω
n+1
X ⊗ (π
∗Ω1C)
−1
be the relative canonical bundle of π : X → C. Let ξ → X be a G-equivariant
holomorphic vector bundle on X equipped with a G-invariant Hermitian metric hξ.
We write ωX/C(ξ) = ωX/C ⊗ ξ. We set ξs = ξ|Xs for s ∈ C.
Let 0 ∈ ∆ be a critical value of π. Let (S, s) be a coordinate neighborhood of C
centered at 0 such that S ∩∆ = {0}. We set X = π−1(S) and So = S \ {0}.
The author is partially supported by the Grants-in-Aid for Scientific Research (B) 19340016,
JSPS.
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For g ∈ G and s ∈ So, let τG(Xs, ωXs(ξs))(g) be the equivariant analytic torsion
[6] of (Xs, ωXs(ξs)) with respect to hXs = hX |Xs and hξs = hξ|Xs , where ωXs = Ω
n
Xs
for s 6= 0. The goal of this article is to determine the behavior of τG(Xs, ωXs(ξs))(g)
as s → 0, when (ξ, hξ) is Nakano semi-positive on X . (See Sect.5.1 for the notion
of Nakano semi-positivity.) Notice that all Rqπ∗ωX/S(ξ) are locally free in this
case by Takegoshi’s torsion freeness theorem [28] and the condition dimS = 1. To
express the singularity of τG(Xs, ωXs(ξs))(g) as s → 0 in more detail, we briefly
recall Gauss maps and semistable reductions.
Let P(TX )∨ be the G-equivariant projective-space bundle such that P(TX )∨x =
P(TxX )∨ is the set of n-dimensional linear subspaces of TxX for x ∈ X . The Gauss
map γ : X \ Σπ → P(TX )∨ is the section defined as γ(x) = ker(π∗)x ∈ P(TxX )∨
for x ∈ X \ Σπ. Since γ extends to a rational map γ : X 99K P(TX )
∨, there is
a resolution q : (X˜ , E) → (X ,Σπ) of the indeterminacy of γ with q|X˜\E : X˜ \ E
∼=
X \Σπ such that γ˜ = γ ◦ q extends to a holomorphic map from X˜ to P(TX )∨ and
such that E is a normal crossing divisor of X˜ . Since γ is G-equivariant, we may
assume that G acts on X˜ and that q and γ˜ are G-equivariant [4]. We denote by
H = OP(TX )∨(1) the tautological quotient bundle on P(TX )
∨.
For g ∈ G, let X g = {x ∈ X ; g · x = x} be its fixed-point set. Since g is an
isometry of X , X g is the disjoint union of compact complex submanifolds of X :
X g = X gH ∐ X
g
V .
Here X gH is a horizontal submanifold, i.e., π|X gH : X
g
H → C is a flat holomorphic map
and X gV is a vertical submanifold, i.e., π(X
g
V ) is a proper subset of C. Since the
G-action on C is trivial, one has X gV ⊂ Σπ and π(X
g
V ) ⊂ ∆ by the G-equivariance
of π. Let X˜ gH ⊂ X˜ be the proper transform of X
g
H ⊂ X . Since X˜
g
H ⊂ (X˜ )
g, we get
γ˜(X˜ gH) ⊂ (P(TX )
∨)g by the G-equivariance of γ˜. Hence g ∈ G preserves the fibers
of (γ˜∗U)|
X˜ g
H
. We set E0 = (π ◦ q)−1(0) ∩E and define
αg(X0, ωX/S(ξ)) =
∫
E0∩X˜
g
H
γ˜∗
{
Td(H∨)−1 − 1
c1(H∨)
}
q∗{Tdg(TX )chg(ωX (ξ))}
−
∫
X g
V
∩X0
Tdg(TX )chg(ωX (ξ)).
Let f : (Y, Y0) → (T, 0) be a semistable reduction of π : (X,X0) → (S, 0). We
have a commutative diagram, where Y0 ⊂ Y is a reduced normal crossing divisor:
(Y, Y0 = f
−1(0))
F
−−−−→ (X,X0)
f
y πy
(T, 0)
µ
−−−−→ (S, 0).
By [23], Rqf∗ωY/T (F
∗ξ) is a G-equivariant locally free sheaf equipped with an
injective homomorphism ϕ : Rqf∗ωY/T (F
∗ξ)→ µ∗Rqπ∗ωX/S(ξ) of G-modules. We
regard Rqf∗ωY/T (F
∗ξ) as a subsheaf of µ∗Rqπ∗ωX/S(ξ) by this inclusion. The
Lefschetz trace of the G-action on (µ∗Rπ∗ωX/S(ξ)/Rf∗ωY/T (F
∗ξ))0 is defined as
Lg
(
µ∗Rπ∗ωX/S(ξ)
Rf∗ωY/T (F ∗ξ)
)
=
∑
q≥0
(−1)qTr
[
g|(µ∗Rqπ∗ωX/S(ξ)/Rqf∗ωY/T (F∗ξ))0
]
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for g ∈ G. Now the main result of this article is stated as follows.
Theorem 1.1. If (ξ, hξ) is Nakano semi-positive on X = π
−1(S), then there exist
constants νg, cg ∈ C such that as s→ 0
log τG(Xs, ωXs(ξs))(g) = {αg(X0, ωX/S(ξ)) +
1
deg µ
Lg
(
µ∗Rπ∗ωX/S(ξ)
Rf∗ωY/T (F ∗ξ)
)
} log |s|2
+ νg log(− log |s|
2) + cg +O (1/ log |s|) .
By Theorem 1.1, the logarithmic singularity of log τG(Xs, ωXs(ξs))(g) is deter-
mined by the algebraic term Lg(µ
∗Rπ∗ωX/S(ξ)/Rf∗ωY/T (F
∗ξ)) measuring the co-
homological difference between (X,X0) and its semistable reduction (Y, Y0) and
the topological term αg(X0, ωX/S(ξ)) arising from the resolution of the Gauss map.
See Corollary 6.10 for a formula for log τG(Xs, ξs)(g) as s → 0, when (ξ, hξ) is
semi-negative in the dual Nakano sense. We remark νg ∈ Z if g = 1.
For some important classes of degenerations, we get the following.
Theorem 1.2. Assume that (ξ, hξ) is Nakano semi-positive on X = π
−1(S).
(1) If X0 is reduced and the pair (X , X0) has only log-canonical singularities,
then Lg(µ
∗Rπ∗ωX/S(ξ)/Rf∗ωY/T (F
∗ξ)) = 0 in Theorem 1.1.
(2) If X0 is reduced, normal and has only canonical (equivalently rational) sin-
gularities, then there exist c ∈ C, r ∈ Q>0, l ∈ Z≥0 such that as s→ 0,
log τG(Xs, ωXs(ξs))(g) = αg(X0, ωX/S(ξ)) log |s|
2 + c+O
(
|s|r(log |s|)l
)
.
For the definition of (log-)canonical singularities, see Sect.7.1. Since the pair
(X , X0) has only log-canonical singularities when π : (X,X0)→ (S, 0) is semistable,
Theorem 1.1 and Theorem 1.2 (1) are compatible. If the singularity of (X , X0) is
strictly worse than log-canonical, then Lg(µ
∗Rπ∗ωX/S(ξ)/Rf∗ωY/T (F
∗ξ)) 6= 0 in
general (Sect. 8). When dimXs = 1, G = {1} andX0 has at most nodes, asymptotic
expansions like Theorems 1.1 and 1.2 (1) were obtained by Bismut–Bost [8] and
Wolpert [29], where νg 6= 0 in general. Without the assumption of the curvature
of (ξ, hξ), the singularity of analytic torsion was determined by Farber [14] when
X0 is non-singular. In [33], we use Theorem 1.1 to prove the automorphic property
of the invariant τM introduced in [30], which plays a crucial role to determine an
explicit Borcherds product expressing τM in the case r(M) ≥ 18 (cf. [32]).
The strategy for the proof of Theorem 1.1 is as follows. Following [7, Th. 5.9],
[31, Th. 1.1], we determine the singularity of the equivariant Quillen metric on the
equivariant determinant of the cohomologies of ξ by applying the Bismut immer-
sion formula [6] to the G-equivariant embedding Xs →֒ X (Theorem 4.1). Then we
get Theorem 1.1 by studying the behavior of the L2-metric on Rqπ∗ωX/S(ξ) (The-
orem 6.8). For this, a theorem of Takegoshi [28] and its extension by Mourougane-
Takayama [23] play a crucial role to express the fiberwise harmonic representative of
an element of Hq(X,Ωn+1X (ξ)), where the Nakano semi-positivity of ξ is essentially
used (Sect. 6). The asymptotic expansion follows from a theorem of Barlet [2].
This article is organized as follows. In Sect.2, we recall Gauss maps. In Sect.3,
we recall equivariant Quillen metrics and study their regularity. In Sect.4, we
determine the singularity of equivariant Quillen metrics. In Sect.5, we recall the
notion of Nakano semi-positivity of vector bundles. In Sect.6, we prove Theorem 1.1.
In Sect.7, we prove Theorem 1.2. In Sect.8, we study some examples. In Sect.9, we
prove some technical results.
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Notation For a complex manifold, we set dc = 14πi(∂ − ∂¯). Hence dd
c =
1
2πi ∂¯∂. For a complex manifold Y , A
p,q
Y denotes the vector space of C
∞ (p, q)-
forms on Y . We set A˜Y =
⊕
p≥0A
p,p
Y /Im∂ + Im ∂¯. For a G-equivariant vector
bundle F over Y equipped with a G-invariant Hermitian metric hF , we denote by
ci(F, hF ) ∈
⊕
p≥0A
p,p
Y , Tdg(F, hF ), chg(F, hF ) ∈
⊕
p≥0A
p,p
Y g the i-th Chern form,
the equivariant Todd form, and the equivariant Chern character form of (F, hF )
with respect to the holomorphic Hermitian connection, respectively (cf. [6]).
After [2], we set B(S) = C∞(S) ⊕
⊕
r∈Q∩(0,1]
⊕n
k=0 |s|
2r(log |s|)kC∞(S). A
function of B(S) is continuous and has an asymptotic expansion at s = 0. We write
φ ≡B ψ if φ, ψ ∈ C
∞(So) satisfies φ− ψ ∈ B(S) ⊂ C0(S). Throughout this article,
we keep the notation and the assumptions in Sect.1.
Acknowledgements We thank Professor Shigeharu Takayama for helpful dis-
cussions about the singularity of L2-metrics and for pointing out some errors and
difficulties in the earlier version. We also thank Professor Vincent Maillot for his
comments on the earlier version, which improved the formulation of Theorem 1.1
and Professor Fumiharu Kato for helpful discussion about semistable reduction.
2. The Gauss map and its equivariant resolution
Let Ω1X be the holomorphic cotangent bundle of X . Let Π : P(Ω
1
X ⊗π
∗TC)→ X
be the projective-space bundle associated with Ω1X⊗π
∗TC. Let Π∨ : P(TX )∨ → X
be the dual projective-space bundle of P(TX ), whose fiber P(TxX )∨ is the set
of hyperplanes of TxX passing through 0x ∈ TxX . Since dimC = 1, we have
P(Ω1X ⊗ π
∗TC) = P(Ω1X )
∼= P(TX )∨.
Let x ∈ X \ Σπ. Let s be a holomorphic local coordinate of C near π(x) ∈ C.
We define the Gauss maps ν : X \Σπ → P(Ω1X ⊗ π
∗TC) and γ : X \Σπ → P(TX )∨
by
ν(x) := [dπx] =
[
n∑
i=0
∂(s ◦ π)
∂zi
(x) dzi ⊗
∂
∂s
]
, γ(x) := [TxXπ(x)].
Under the canonical isomorphism P(Ω1X ⊗ π
∗TC) ∼= P(TX )∨, one has ν = γ.
Let H := OP(TX )∨(1) be the tautological quotient bundle and let U be the uni-
versal hyperplane bundle of P(TX )∨. We have the exact sequence of G-equivariant
vector bundles on P(TX )∨
S∨ : 0 −→ U −→ (Π∨)∗TX −→ H −→ 0.
Let hU be the Hermitian metric on U induced from (Π∨)∗hX , and let hH be the
Hermitian metric on H induced from (Π∨)∗hX by the C∞-isomorphism H ∼= U⊥.
On X \ Σπ, we have (TX/C, hX/C) = γ
∗(U , hU ).
Let L := OP(Ω1
X
⊗π∗TC)(−1) ⊂ Π
∗(Ω1X ⊗ π
∗TC) be the tautological line bundle
overP(Ω1X⊗π
∗TC). Let hC be a Hermitian metric on C. Let hΩ1
X
be the Hermitian
metric on Ω1X induced from hX . Let hL be the Hermitian metric on L induced from
the metric Π∗(hΩ1
X
⊗ π∗hC) by the inclusion L ⊂ Π∗(Ω1X ⊗ π
∗TC).
Since Σπ is a proper subvariety of X , the Gauss maps ν and γ extend to rational
maps ν : X 99K P(Ω1X ⊗π
∗TC) and γ : X 99K P(TX )∨. By [4, Th. 13.2], there exist
a projective algebraic manifold X˜ , a normal crossing divisor E ⊂ X˜ , a birational
holomorphic map q : X˜ → X with E = q−1(Σπ), and holomorphic maps ν˜ : X˜ →
P(Ω1X ⊗ π
∗TC) and γ˜ : X˜ → P(TX )∨ with the following properties:
SINGULARITIES AND ANALYTIC TORSION 5
(a) The G-action on X lifts to a G-action on X˜ and q|
X˜ \E
: X˜ \E → X \Σπ is
a G-equivariant isomorphism.
(b) (π ◦ q)−1(b) is a normal crossing divisor of X˜ for all b ∈ ∆.
(c) ν˜ = ν ◦ q and γ˜ = γ ◦ q on X˜ \ E.
Then ν˜ = γ˜ under the canonical isomorphism P(Ω1X ⊗ π
∗TC) ∼= P(TX )∨.
3. Equivariant Quillen metrics
In this section, we recall equivariant Quillen metrics and prove its smoothness
for smooth projective morphisms. For more general treatments including smooth
Ka¨hler morphisms, we refer to [9, III Sects. 2 and 3]. In the rest of this article, Ĝ
denotes the set of equivalence classes of complex irreducible representations of G.
For W ∈ Ĝ, the corresponding irreducible character is denoted by χW .
3.1. Equivariant analytic torsion and equivariant Quillen metrics.
3.1.1. Equivariant analytic torsion. Let V be a compact Ka¨hler manifold with holo-
morphic G-action. Let hV be a G-invariant Ka¨hler metric on V . Let F be a G-
equivariant holomorphic vector bundle on V equipped with a G-invariant Hermitian
metric hF . We set V = (V, hV ) and F = (F, hF ). Let A
p,q
V (F ) be the vector space of
F -valued smooth (p, q)-forms on V . We set SF =
⊕
q≥0A
0,q
V (F ), which is equipped
with the L2 metric (·, ·)L2 with respect to hV and hF . Then (·, ·)L2 is G-invariant
with respect to the standard G-action on SF .
Let F = 2(∂¯F + ∂¯
∗
F )
2 be the Laplacian acting on SF . We denote by σ(F ) the
spectrum of F . Let KF (λ) be the eigenspace of F with eigenvalue λ ∈ σ(F ).
Since G preserves the metrics hV and hF , F commutes with the G-action on SF .
Hence G acts on KF (λ). With respect to the Z-grading on KF (λ) induced from
the one on SF , the number operator N and the supertrace Trs[·] are defined on
KF (λ) (cf. [9]). For g ∈ G and s ∈ C with Re s≫ 0, we define
ζG(g)(s) :=
∑
λ∈σ(F )\{0}
λ−s Trs [g N |KF (λ)].
Then ζG(g)(s) extends to a meromorphic function on C and is holomorphic at
s = 0. For g ∈ G, we define
log τG(V , F )(g) := −ζ
′
G(g)(0).
Then log τG(V , F )(g) is called the equivariant analytic torsion of (V , F ) (cf. [6]).
3.1.2. Equivariant Quillen metrics. Since F is a G-equivariant holomorphic vector
bundle on V , G acts on H(V, F ) =
⊕
q∈ZH
q(V, F ) and preserves its grading. One
has the isotypical splitting of the Z-graded vector space
H(V, F ) =
⊕
W∈Ĝ
HomG(W,H(V, F )) ⊗W.
Since dimH(V, F ) < +∞, HomG(W,H(V, F )) = 0 except for finite W ∈ Ĝ. We set
λW (F ) = detHomG(W,H(V, F ))⊗W :=
⊗
q≥0
(detHomG(W,H
q(V, F )) ⊗W )(−1)
q
.
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The equivariant determinant of the cohomologies of F is defined as
λG(F ) :=
∏
W∈Ĝ
λW (F ).
Notice that our sign convention is different form the one in [6, Eq. (2.9)]. When
HomG(W,H(V, F )) = 0, λW (F ) is canonically isomorphic to C by definition. In
this case, the canonical element of λW (F ) corresponding to 1 ∈ C is denoted by
1λW (F ). A vector α = (αW )W∈Ĝ ∈ λG(F ) is said to be admissible if αW 6= 0
for all W ∈ Ĝ and if αW = 1λW (F ) except for finitely many W ∈ Ĝ. The set
of admissible elements of λG(F ) is identified with the direct sum
⊕
W∈Ĝ
λW (F )
×,
where λW (F )
× := λW (F ) \ {0} is the set of invertible elements of λW (F ).
By Hodge theory, we have an isomorphism of Z-graded G-spaces H(V, F ) ∼=
KF (0). The G-invariant metric onH(V, F ) induced from the L
2-metric onKF (0) ⊂
SF by this isomorphism is denoted by hH(V,F ). Then the isotypical splitting of
H(V, F ) is orthogonal with respect to hH(V,F ). Let ‖ · ‖L2,λW (F ) be the Hermitian
metric on λW (F ) induced from hH(V,F ). Recall that χW is the character ofW ∈ Ĝ.
For an admissible element α = (αW )W∈Ĝ ∈
⊕
W∈Ĝ
λW (F )
×, we set
log ‖α‖2Q,λG(F )(g) := −ζ
′
G(g)(0) +
∑
W∈Ĝ
χW (g)
dimW
log ‖αW ‖
2
L2,λW (F )
.
The C-valued function log ‖ · ‖2Q,λG(F )(g) on
⊕
W∈Ĝ
λW (F )
× is called the equi-
variant Quillen metric on λG(F ) with respect to hV , hF . Notice that equivariant
Quillen metric makes sense only for admissible elements. We refer to [25], [24],
[6], [19], [21] for more about equivariant analytic torsion, equivariant determinants,
and equivariant Quillen metrics.
3.2. The smoothness of equivariant Quillen metrics. Let M be a compact
complex manifold with holomorphic G-action and let B be a compact complex
manifold with trivial G-action. Let π : M → B be a G-equivariant proper surjective
flat holomorphic map. Assume that there is a G-equivariant ample line bundle on
M . Let F → M be a G-equivariant holomorphic vector bundle. Let hM be a
G-invariant Ka¨hler metric on M and let hF be a G-invariant Hermitian metric on
F . We set Mb := π
−1(b) and Fb := F |Mb for b ∈ B. Then G preserves the fibers
Mb and Fb, and π : M → B is a family of projective algebraic varieties.
For W ∈ Ĝ, we define HomG(W,Rqπ∗F ) ⊗W to be the sheaf on B associated
to the presheaf U 7→ HomG
(
W,Hq(π−1(U), F |π−1(U))
)
⊗W .
3.2.1. Direct image sheaves. Since there is a G-equivariant ample line bundle onM
by assumption, there exist a complex of G-equivariant holomorphic vector bundles
F• : 0 −→ F0 −→ F1 −→ · · · −→ Fm −→ 0 on M and a homomorphism i : F → F0
of G-modules with the following conditions:
(i) The complex 0→ F → F0 → · · · → Fm → 0 is acyclic.
(ii) Hq(Mb, Fi|Mb) = 0 for all q > 0 and i ≥ 0.
By (i), (ii), π∗F• : 0 −→ π∗F0 −→ π∗F1 −→ · · · −→ π∗Fm −→ 0 is a complex of
G-equivariant locally free sheaves of finite rank over B, whose cohomology sheaves
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compute the direct image sheaves Rqπ∗F , q ≥ 0, i.e.,
Rqπ∗F = H
q(π∗F•) := ker{π∗Fq → π∗Fq+1}/Im{π∗Fq−1 → π∗Fq}.
(3.1)
Since (3.1) is an equality of G-modules, we get for all W ∈ Ĝ and q ≥ 0
HomG(W,R
qπ∗F )⊗W = H
q(HomG(W,π∗F•)⊗W ).(3.2)
Since HomG(W,π∗F•) ⊗ W is a complex of locally free OB-modules, we deduce
from (3.2) that HomG(W,R
qπ∗F ) ⊗ W is a coherent OB-module on B. Since
Hq(π∗F•) =
⊕
W∈Ĝ
Hq(HomG(W,π∗F•)⊗W ), we get the isotypical splitting on B
Rqπ∗F =
⊕
W∈Ĝ
HomG(W,R
qπ∗F )⊗W.(3.3)
Notice that HomG(W,R
qπ∗F ) = 0 except for finitely many W ∈ Ĝ.
3.2.2. Equivariant determinant of cohomologies. Recall that for any coherent ana-
lytic sheaf F on B, one can associate the invertible sheaf detF on B by [18], [9,
III, Sect. 3]. We define
λW (F ) :=
⊗
q≥0 det (HomG(W,R
qπ∗F )⊗W )
(−1)q
,
λG(F ) :=
∏
W∈Ĝ
λW (F ).
If HomG(W,R
qπ∗F ) = 0 for all q ≥ 0, then λW (F ) is canonically isomorphic to
OB. In this case, the canonical section of λW (F ) corresponding to 1 ∈ H0(B,OB)
is denoted by 1λW (F ). By [9, III, Lemma 3.7], there is a canonical identification
λW (F )b := λW (F )/mbλW (F ) = λW (F |Mb)(3.4)
for all b ∈ B, where mb is the maximal ideal of OB,b.
For an open subset U ⊂ B, a holomorphic section σ = (σW )W∈Ĝ of λG(F )|U
is said to be admissible if σW is nowhere vanishing on U for all W ∈ Ĝ and if
σW = 1λW (η) except for finitely many W ∈ Ĝ.
3.2.3. The smoothness of equivariant Quillen metrics. Let D ⊂ B be the discrim-
inant locus of π and set Bo := B \ D. By (3.4), λG(F )|Bo is equipped with the
equivariant Quillen metric ‖ · ‖Q,λG(F )(g) with respect to hM |TM/B and hF such
that for every b ∈ Bo,
‖ · ‖Q,λG(F )(g)(b) := ‖ · ‖Q,λG(Fb)(g).
Theorem 3.1. Let U ⊂ Bo be a small connected open subset with λW (Fi)|U ∼= OU
for all i and W ∈ Ĝ. Let σ = (σW )W∈Ĝ be an admissible holomorphic section of
λG(F )|U . Then log ‖σ‖
2
Q,λG(F )
(g) ∈ C∞(U).
Proof. By the definition of λW (F ), we have the canonical isomorphism
ϕW : λW (F ) =
⊗
q≥0
detHq(HomG(W,π∗F•)⊗W )
(−1)q ∼=
⊗
i≥0
λW (Fi)
(−1)i .
There exists an admissible holomorphic section σi = ((σi)W )W∈Ĝ of λG(Fi)|U such
that ϕW (σW ) = ⊗i≥0(σi)
(−1)i
W for all W ∈ Ĝ.
Let hFi be a G-invariant Hermitian metric on Fi and let ‖ · ‖Q,λG(Fi)(g) be
the equivariant Quillen metric on λG(Fi) with respect to the G-invariant metrics
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hM/B = hM |TM/B and hFi . Let c˜hg(F, F•;hF , hF•) ∈ A˜(M
g) be the Bott–Chern
secondary class [9, I e), f)] such that
ddcc˜hg(F, F•;hF , hF•) =
∑
i≥0
(−1)ichg(Fi, hFi)− chg(F, hF ).
Applying the immersion formula of Bismut [6, Th. 0.1] to the immersion ∅ →֒ Mb,
b ∈ U , we get the following equation of complex-valued functions on U
log ‖σ‖2Q,λG(F )(g) =
∑
i≥0
(−1)i log ‖σi‖
2
Q,λG(Fi)
(g)
+
[
π∗{Tdg(TM/B, hM/B)c˜hg(F, F•;hF , hF•)}
](0)
≡
∑
i≥0
(−1)i log ‖σi‖
2
Q,λG(Fi)
(g) mod C∞(U),
(3.5)
where we used [9, I, Th. 1.29 and Cor. 1.30] to identify the Bott–Chern current
Tg(F, F•;hF , hF•) with the Bott–Chern class c˜hg(F, F•;hF , hF•) in the first equality
and [ω](2d) denotes the component of degree 2d of a differential form ω. Since the
morphism π : π−1(U)→ U is smooth and since h0(Mb, Fi|Mb) is a constant function
on U , we get log ‖σi‖2Q,λG(Fi)(g) ∈ C
∞(U) by [9, III, Th. 3.5]. This, together with
(3.5), implies the result. 
Remark 3.2. The curvature−ddc log ‖σ‖2Q,λG(F )(g) was computed by Bismut–Gillet–
Soule´ [9, Th. 0.1] when G is trivial and by Ma [21, Th. 2.12] when G is general and all
direct image sheaves Rqπ∗F , q ≥ 0 are locally free. By Theorem 3.1, the curvature
formula of Bismut-Gillet-Soule´-Ma
− ddc log ‖σ‖2Q,λG(F )(g) =
[
π∗{Tdg(TM/B, hM/B) chg(F, hF )}
](2)(3.6)
remains valid on Bo even if Rqπ∗F may not be locally free, because there is a dense
Zariski open subset U ⊂ Bo over which hq(Fb) is constant for all q ≥ 0.
4. The singularity of equivariant Quillen metrics
Let λG(ξ) be the equivariant determinant of the cohomologies of ξ. Then
λG(ξ)|Co is equipped with the equivariant Quillen metric ‖ · ‖2λG(ξ),Q(·) with re-
spect to the G-invariant metrics hX/C , hξ. Let σ be an admissible holomorphic
section of λG(ξ)|S . By Theorem 3.1, log ‖σ(s)‖
2
λG(ξ),Q
(g) ∈ C∞(So) for g ∈ G. In
this section, we determine the behavior of log ‖σ(s)‖2λG(ξ),Q(g) as s→ 0.
4.1. The non-twisted case. Let Γ ⊂ X×C be the graph of π. Then Γ is a smooth
divisor on X ×C preserved by the G-action on X ×C. Let [Γ] be the G-equivariant
holomorphic line bundle on X × C associated to Γ. Let ςΓ ∈ H0(X × C, [Γ]) be
the canonical section of [Γ] such that div(ςΓ) = Γ. We identify X with Γ via the
projection Γ→ X .
Let i : Γ →֒ X ×C be the inclusion. Let p1 : X ×C → X and p2 : X ×C → C be
the projections. By the G-equivariances of i, p1, p2, we have the exact sequence of
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G-equivariant coherent sheaves on X × C,
0 −→ OX×C([Γ]
−1 ⊗ p∗1ξ)
⊗sΓ−−→ OX×C(p
∗
1ξ) −→ i∗OΓ(p
∗
1ξ) −→ 0.
(4.1)
Let λG(p
∗
1ξ), λG([Γ]
−1 ⊗ p∗1ξ), λG(ξ) be the equivariant determinants of the di-
rect images R(p2)∗OX×C(p∗1ξ), R(p2)∗OX×C([Γ]
−1⊗p∗1ξ), Rπ∗OX (ξ), respectively.
Under the isomorphism p∗1ξ|Γ
∼= ξ induced from the identification p1 : Γ → X , the
holomorphic vector bundle λG on C defined as
λG := λG
(
[Γ]−1 ⊗ p∗1ξ
)
⊗ λG(p∗1ξ)
−1 ⊗ λG(ξ) =
∏
W∈Ĝ
λW ,
λW := λW
(
[Γ]−1 ⊗ p∗1ξ
)
⊗ λW (p∗1ξ)
−1 ⊗ λW (ξ)
carries the canonical holomorphic section σKM = ((σKM )W )W∈Ĝ such that (σKM )W
is identified with 1 ∈ H0(C,OC) under the canonical isomorphism λW ∼= OC ; since
λW is the determinant of the acyclic complex of coherent sheaves on C obtained as
the W -component of the long exact sequence of direct images associated to (4.1),
λW is canonically isomorphic to OC ([6], [11], [18]). Then σKM is admissible.
Let U ⊂ S be a relatively compact neighborhood of 0 ∈ ∆ and set Uo := U \{0}.
OnX = π−1(S), we identify π (resp. dπ) with s◦π (resp. d(s◦π)). Hence π ∈ O(X)
and dπ ∈ H0(X,Ω1X) in what follows.
Let h[Γ] be a G-invariant C
∞ Hermitian metric on [Γ] such that
h[Γ](ςΓ, ςΓ)(w, t) =
{
|π(w) − t|2 if (w, t) ∈ π−1(U)× U,
1 if (w, t) ∈ (X \X)× U
(4.2)
and let h[Γ]−1 be the metric on [Γ]
−1 induced from h[Γ].
For g ∈ G, let ‖ · ‖Q,λG(ξ)(g) be the equivariant Quillen metric on λG(ξ) with
respect to hX/C , hξ. Let ‖ · ‖Q,λG([Γ]−1⊗p∗1ξ) (resp. ‖ · ‖Q,λG(p∗1ξ)) be the equivariant
Quillen metric on λG([Γ]
−1 ⊗ p∗1ξ) (resp. λG(p
∗
1ξ)) with respect to hX , h[Γ]−1 ⊗ hξ
(resp. hX , hξ). Let ‖ · ‖Q,λG be the equivariant Quillen metric on λG defined as
the tensor product of those on λG([Γ]
−1 ⊗ p∗1ξ), λG(p
∗
1ξ)
−1, λG(ξ).
For the germ (π : (X , X0)→ (S, 0), ξ), we define its topological invariant
ag(X0, ξ) =
∫
E0∩X˜
g
H
γ˜∗{
1− Td(H)−1
c1(H)
} q∗{Tdg(TX )chg(ξ)}−
∫
X g
V
∩X0
Tdg(TX )chg(ξ).
Theorem 4.1. For g ∈ G, the following identity of functions on So holds:
log ‖σKM‖
2
Q,λG(g) ≡B ag(X0, ξ) log |s|
2.
Since X 1H = X and X
1
V = ∅ for g = 1, we get [31, Th. 1.1] by Theorem 4.2.
Proof. We follow [7, Sect. 5], [30, Th. 6.3], [31, Th. 5.1]. The proof is quite parallel
to that of [31, Th. 5.1]. The major differences come from the fact that X g consists
of the horizontal component X gH and vertical component X
g
V and these two compo-
nents give different contributions to the singularity of log ‖σKM‖
2
Q,λG
(g).
Step 1 Let [Xs] = [Γ]|Xs be the holomorphic line bundle on X associated to the
divisor Xs. The canonical section of [Xs] is defined as ςs = ςΓ|X×{s} ∈ H
0(X , [Xs]).
Then div(ςs) = Xs. Let is : Xs →֒ X be the natural embedding. By (4.1), we get
the exact sequence of G-equivariant coherent sheaves on X ,
0 −→ OX ([Xs]
−1 ⊗ ξ)
⊗ςs−−→ OX (ξ) −→ (is)∗OXs(ξ) −→ 0,(4.3)
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which induces the canonical isomorphism (λG)s = λG([Xs]
−1 ⊗ ξ) ⊗ λG(ξ)−1 ⊗
λG(ξs).
Set h[Xs] = h[Γ]|X×{s}, which is a G-invariant Hermitian metric on [Xs]. Let
h[Xs]−1 be the G-invariant Hermitian metric on [Xs]
−1 induced from h[Xs].
Let Ns = NXs/X (resp. N
∗
s = N
∗
Xs/X
) be the normal (resp. conormal) bundle
of Xs in X . Then dπ|Xs ∈ H
0(Xs, N
∗
s ) generates N
∗
s for s ∈ S
o and dπ|Xs is
G-invariant (cf. [6, Eq. (2.2)]). Let aN∗s be the G-invariant Hermitian metric on N
∗
s
defined by aN∗s (dπ|Xs , dπ|Xs) = 1. Let aNs be the G-invariant Hermitian metric
on Ns induced from aN∗s . We have the equality c1(Ns, aNs) = 0 for s ∈ U
o. By
[31, Proof of Th. 5.1 Step 1], the G-invariant metrics h[Xs]−1 ⊗ hξ and hξ verify
assumption (A) of Bismut [5, Def.1.5] with respect to aNs and hξ|Xs .
Step 2 Let Es be the exact sequence of G-equivariant holomorphic vector bundles
on Xs defined as Es : 0 → TXs → TX|Xs → Ns → 0. By [9, I], one has the
Bott-Chern class T˜dg(Es;hXs , hX , aNs) ∈ A˜Xgs such that
ddcT˜dg(Es;hXs , hX , aNs) = Tdg(TXs, hXs)Td(Ns, aNs)|Xgs − Tdg(TX , hX ).
Here we used the triviality of theG-action onNs|Xgs to get the equality Tdg(Ns, aNs) =
Td(Ns, aNs)|Xgs . Set (X
g
H)s := X
g
H ∩Xs. Applying the embedding formula of Bis-
mut [6] (see also [7, Th. 5.6]) to the G-equivariant embedding is : Xs →֒ X and to
the exact sequence (4.3), we get for all s ∈ Uo
log ‖σKM (s)‖
2
Q,λG(g) =
∫
(X g
V
×{s})∐(X g
H
×{s})
−
Tdg(TX , hX ) chg(ξ, hξ)
Td([Γ], h[Γ])
log h[Γ](ςΓ, ςΓ)
−
∫
(Xg
H
)s
T˜dg(Es; hXs , hX , aNs) chg(ξ, hξ)
Td(Ns, aNs)
+ C(g),
(4.4)
where C(g) is a topological constant independent of s ∈ Uo. Here we used the
triviality of the G-action on [Xs]|Xgs and the explicit formula for the Bott-Chern
current [10, Rem. 3.5, especially (3.23), Th. 3.15, Th. 3.17] to get the first term of
the right hand side of (4.4). Substituting (4.2) and c1(Ns, aNs) = 0 into (4.4), we
get for s ∈ Uo
log ‖σKM (s)‖
2
Q,λG(g) ≡B −
∫
X g
H
×{s}
Tdg(TX , hX ) chg(ξ, hξ) log |π − s|
2
−
∫
(X g
V
∩X0)×{s}
Tdg(TX ) chg(ξ) log |s|
2 −
∫
(Xg
H
)s
T˜dg(Es; hXs , hX , aNs) chg(ξ, hξ)
≡B −{
∫
X g
V
∩X0
Tdg(TX ) chg(ξ)} log |s|
2 −
∫
(Xg
H
)s
T˜dg(Es; hXs , hX , aNs) chg(ξ, hξ),
(4.5)
where we used the equality h[Γ](ςΓ, ςΓ)|X0×{s} = |s|
2 and the fact X gV ∩ π
−1(U) =
X gV ∩X0 to get the first equality and [31, Th. 9.1] to get the second equality.
Step 3 Let hNs be the Hermitian metric on Ns induced from hX by the C
∞
isomorphism Ns ∼= (TXs)⊥. Let T˜d(Ns; aNs , hNs) ∈ A˜Xs be the Bott–Chern
secondary class such that
ddcT˜d(Ns; aNs , hNs) = Td(Ns, aNs)− Td(Ns, hNs).
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Since G acts trivially on Ns|Xgs , we deduce from [15, I, Props. 1.3.2 and 1.3.4] that
T˜dg(Es; hXs , hX , aNs) =
T˜dg(Es; hXs , hX , hNs) + Tdg(TXs, hXs) T˜d(Ns; aNs , hNs) =
T˜dg(Es; hXs , hX , hNs) + γ
∗Tdg(U , hU ) ν
∗{
1− Td(−c1(L, hL))
−c1(L, hL)
} log ‖dπ‖2
∣∣∣∣
(Xg
H
)s
.
(4.6)
Here we used [31, Eq. (13)] and the relation (TXs, hXs) = γ
∗(U , hU )|Xs to get the
second equality. Since
(Es, hXs , hX , hNs) = γ
∗(S∨, hU , (Π
∨)∗hX , hH)|Xs ,
we get by the functorial property of the Bott–Chern class [9, I]
T˜dg(Es; hXs , hX , hNs) = γ
∗T˜dg(S
∨; hU , (Π
∨)∗hX , hH)|(Xg
H
)s .(4.7)
Substituting (4.7) into (4.6), we get
T˜dg(Es; hXs , hX , aNs) = γ
∗T˜dg(S
∨; hU , (Π
∨)∗hX , hH)|(Xg
H
)s +
γ∗Tdg(U , hU ) ν
∗{
1− Td(−c1(L, hL))
−c1(L, hL)
} log ‖dπ‖2|(Xg
H
)s .
(4.8)
Substituting (4.8) into (4.5), we get by the same argument as in [31, p.74 l.1-l.13]
log ‖σKM‖
2
Q,λG(g) ≡B −{
∫
X g
V
∩X0
Tdg(TX ) chg(ξ)} log |s|
2
− (π|X g
H
)∗
[
γ∗T˜dg(S
∨; hU , (Π
∨)∗hX , hH) chg(ξ, hξ)
](0)
− (π|X g
H
)∗
[
γ∗Tdg(U , hU ) ν
∗{
1− Td(−c1(L, hL))
−c1(L, hL)
} chg(ξ, hξ) log ‖dπ‖
2
](0)
≡B −{
∫
X g
V
∩X0
Tdg(TX ) chg(ξ)} log |s|
2
+ (π˜|X g
H
)∗
[
γ˜∗Tdg(U , hU ) ν˜
∗{
Td(−c1(L, hL))− 1
−c1(L, hL)
} q∗chg(ξ, hξ) (q
∗ log ‖dπ‖2)
](0)
(4.9)
where we set π˜ := π ◦ q. By [31, Cor. 4.6] applied to the last line of (4.9), we get
log ‖σKM‖
2
Q,λG(g) ≡B
[
∫
X˜ g
H
∩E0
γ˜∗{Tdg(U)
Td(H)− 1
c1(H)
}q∗chg(ξ)−
∫
X g
V
∩X0
Tdg(TX ) chg(ξ)] log |s|
2
= [
∫
X˜ g
H
∩E0
γ˜∗{
1− Td(H)−1
c1(H)
}q∗{Tdg(TX )chg(ξ)}] log |s|
2
− {
∫
X g
V
∩X0
Tdg(TX ) chg(ξ)} log |s|
2 = ag(X0, ξ) log |s|
2.
Here the first equality follows from the identity Tdg(U)Td(H) = (Π∨)∗Tdg(TX ),
which is deduced from the exact sequence 0 → U → (Π∨)∗TX → H → 0 on
P(TX )∨. This completes the proof. 
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Theorem 4.2. For g ∈ G, the following identity holds:
log ‖σ‖2Q,λG(ξ)(g) ≡B ag(X0, ξ) log |s|
2.
Proof. There exist admissible holomorphic sections
α = (αW )W∈Ĝ ∈ Γ(U, λG(p
∗
1ξ)), β = (βW )W∈Ĝ ∈ Γ(U, λG([Γ]
−1 ⊗ p∗1ξ))
such that σKM = β⊗α−1⊗σ on S, i.e., (σKM )W = βW ⊗α
−1
W ⊗σW for all W ∈ Ĝ.
Then
log ‖σ‖2Q,λG(ξ)(g) = log ‖σKM‖
2
Q,λG(g) + log ‖α‖
2
Q,λG(p∗1ξ)
(g)− log ‖β‖2Q,λG([Γ]⊗p∗1ξ)(g)
≡B ag(X0, ξ) log |s|
2
by Theorems 3.1 and 4.1. This proves the theorem. 
Corollary 4.3. The following equation of (1, 1)-currents on S holds:
−ddc log ‖σ‖2Q,λG(ξ)(g) = π∗
[
Tdg(TX/C, hX/C) chg(ξ, hξ)
](1,1)
− ag(X0, ξ) δ0.
Proof. The result follows from the curvature formula (3.6) and Theorem 4.2. 
4.2. The case of adjoint bundles twisted by the relative canonical bundle.
We set Ω1X/C := Ω
1
X /π
∗Ω1C and Ω
q
X/C :=
∧q
Ω1X/C . Let ωX := Ω
n+1
X be the
canonical line bundle of X and let ωX/C := Ω
n+1
X ⊗ (π
∗Ω1C)
−1 be the relative
canonical line bundle of π : X → C, which are identified with the dualizing sheaf
of X and the relative dualizing sheaf of π : X → C respectively. On X \ Σπ, there
is a canonical isomorphism ΩnX/C
∼= ωX/C induced by the short exact sequence
0→ π∗Ω1C → Ω
1
X → Ω
1
X/C → 0. The holomorphic vector bundle Ω
q
X/C on X \ Σπ
is equipped with the Hermitian metric induced from hX/C . Since π
∗Ω1C ⊂ Ω
1
X , ωX
and ωX/C are equipped with the Hermitian metrics hωX and hωX/C induced from
hX , respectively. Then the canonical isomorphism Ω
n
X/C
∼= ωX/C is an isometry.
For g ∈ G, let ‖·‖Q,λG(ωX/C(ξ))(g) be the equivariant Quillen metric on λG(ωX/C(ξ))
with respect to hX/C , hξ, hωX/C . Let ς be a nowhere vanishing holomorphic section
of λ(ωX/C(ξ)) on S.
Theorem 4.4. For g ∈ G, the following identity of functions on So holds:
log ‖ς‖2Q,λG(ωX/C(ξ))(g) ≡B αg(X0, ωX/S(ξ)) log |s|
2.
Proof. By Theorem 4.2 applied to ωX (ξ), we get on S
log ‖ς‖2Q,λG(ωX (ξ))(g) ≡B ag(X0, ωX (ξ)) log |s|
2.(4.10)
Since π∗Ω1C is generated by dπ on X \Σπ, we get an identification (ωX/C, hωX/C ) =
(ωX , ‖dπ‖−2hωX ) on X . We set hωX (ξ) := hωX ⊗ hξ and hωX/C(ξ) := hωX/C ⊗ hξ.
By the anomaly formula [6, Th. 2.5], [9, I, Th. 0.3], we get
log ‖ς‖2Q,λG(ωX/C(ξ))(g) = log ‖ς‖
2
Q,λG(ωX (ξ))
(g) + log
‖ · ‖2Q,λG(ωX/C(ξ))(g)
‖ · ‖2Q,λG(ωX (ξ))(g)
= log ‖ς‖2Q,λG(ωX (ξ))(g) + π∗(Tdg(TX/C, hX/C)c˜hg(ωX (ξ);hωX (ξ), hωX/C(ξ)))
(0).
(4.11)
Here c˜hg(ωX (ξ);hωX (ξ), hωX/C(ξ)) is the Bott-Chern class such that
ddcc˜hg(ωX (ξ);hωX (ξ), hωX/C(ξ)) = chg(ωX (ξ), hωX (ξ))− chg(ωX (ξ), hωX/C(ξ))
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Since (ωX/C(ξ), hωX/C(ξ)) = (ωX (ξ), ‖dπ‖
−2hωX (ξ)) and−dd
c log ‖dπ‖2 = γ∗c1(L, hL),
we get by [15, I, (1.2.5.1), (1.3.1.2] (see also [13, Eqs. (3.7), (5.5)])
c˜hg(ωX (ξ);hωX (ξ), hωX/C(ξ)) = c˜hg(ωX ;hωX , ‖dπ‖
−2hωX ) chg(ξ, hξ)
= chg(ωX , hωX )
e−γ
∗c1(L,hL) − 1
−γ∗c1(L, hL)
(− log ‖dπ‖2) ∧ chg(ξ, hξ)
= −chg(ωX (ξ), hωX (ξ))
1− e−γ
∗c1(L,hL)
γ∗c1(L, hL)
log ‖dπ‖2.
(4.12)
Since Tdg(TX/C, hX/C) = γ
∗Tdg(U), we get by (4.11) and [31, Cor. 4.6]
log
‖ · ‖2Q,λG(ωX/C(ξ))(g)
‖ · ‖2Q,λG(ωX (ξ))(g)
= −π∗{Tdg(TX/C, hX/C)chg(ωX (ξ), hωX ⊗ hξ)
1 − e−γ
∗c1(L,hL)
γ∗c1(L, hL)
log ‖dπ‖2}(0)
≡B −{
∫
E0∩X˜
g
H
γ˜∗Tdg(U)q
∗chg(ωX (ξ))
1 − e−γ˜
∗c1(L)
γ˜∗c1(L)
} log |s|2
≡B −[
∫
E0∩X˜
g
H
γ˜∗{Tdg(U)
ec1(H) − 1
c1(H)
}q∗chg(ωX (ξ))] log |s|
2.
(4.13)
By (4.10) and (4.13), we get
log ‖ς‖2Q,λG(ωX/C(ξ))(g) ≡B
[ag(π,X0, ωX (ξ))−
∫
E0∩X˜
g
H
γ˜∗{Tdg(U)
ec1(H) − 1
c1(H)
}q∗chg(ωX (ξ))] log |s|
2
= [
∫
E0∩X˜
g
H
γ˜∗{Tdg(U)
(
Td(H)− 1
c1(H)
−
ec1(H) − 1
c1(H)
)
}q∗chg(ωX (ξ))] log |s|
2
− {
∫
X g
V
∩X0
Tdg(TX ) chg(ωX (ξ))} log |s|
2
= [
∫
E0∩X˜
g
H
γ˜∗{Tdg(U)Td(H)
(
1− Td(H)−1
c1(H)
−
ec1(H)
Td(H)2
)
}q∗chg(ωX (ξ))] log |s|
2
− {
∫
X g
V
∩X0
Tdg(TX ) chg(ωX (ξ))} log |s|
2
= [
∫
E0∩X˜
g
H
γ˜∗
(
Td(H∨)−1 − 1
c1(H∨)
)
q∗{Tdg(TX )chg(ωX (ξ))}} log |s|
2
− {
∫
X g
V
∩X0
Tdg(TX ) chg(ωX (ξ))] log |s|
2 = αg(X0, ωX/C(ξ)) log |s|
2.
(4.14)
Here the fourth equality follows from the identities Tdg(U)Td(H) = (Π∨)∗Tdg(TX )
and
1− Td(x)−1
x
− exTd(x)−2 =
Td(−x)−1 − 1
−x
, Td(x) = x/(1− e−x).
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This completes the proof. 
4.3. Compatibility with the Serre duality. We check the compatibility of The-
orems 4.2 and 4.4 with the Serre duality. There exists an exact sequence of G-
equivariant holomorphic vector bundles 0 → ξ → ξ0 → · · · → ξm → 0 on X such
that Hq(Xs, ξi|Xs) = 0 for all i ≥ 0, q > 0, s ∈ C. We get the corresponding long
exact sequence of G-equivariant holomorphic vector bundles 0 → ωX/C(ξ
∨
m) →
· · · → ωX/C(ξ
∨
0 ) → ωX/C(ξ
∨) → 0 on X . Since Rqπ∗ωX/C(ξ
∨
i ) = 0 for q 6= n by
the fiberwise Serre duality, we get for all q ≥ 0
Rqπ∗ωX/C(ξ
∨) =
ker{Rnπ∗ωX/C(ξ
∨
n−q)→ R
nπ∗ωX/C(ξ
∨
n−q−1)}
Im{Rnπ∗ωX/C(ξ
∨
n−q+1)→ R
nπ∗ωX/C(ξ
∨
n−q)}
.
Hence λW (ωX/C(ξ
∨))(−1)
n ∼=
⊗
i≥0 λW (R
nπ∗ωX/C(ξ
∨
i ))
(−1)i for W ∈ Ĝ. Since
λW (ξ)
∨ ∼=
⊗
i≥0(λW (π∗ξi)
∨)(−1)
i ∼=
⊗
i≥0 λW (R
nπ∗ωX/C(ξ
∨
i ))
(−1)i , there is a
canonical isomorphism λW (ξ)⊗λW (ωX/C(ξ
∨))(−1)
n ∼= OC . Let 1W be the canoni-
cal section of λW (ξ)⊗ λW (ωX/C(ξ
∨))(−1)
n
corresponding to 1 ∈ H0(C,OC). Then
1 = (1W )W∈Ĝ is the canonical section of λG(ξ) ⊗ λG(ωX/C(ξ
∨))(−1)
n
. By the
same argument as in [16, p.27], we get log ‖1‖Q,λG(ξ)⊗λG(ωX/C(ξ∨))(−1)n (g) = 0 as a
function on Co, which, together with Theorems 4.2 and 4.4, implies the equality
ag(X0, ξ) + (−1)
nαg(X0, ωX/S(ξ
∨)) = 0.(4.15)
We check (4.15). Let TX|X g = ⊕jE(θj) be the decomposition into the eigen-
bundles with respect to the g-action. Let λ0, . . . , λn be the Chern roots of TX|X g .
We may assume that the element g acts as the multiplication by eθi on the line
bundle corresponding to λi. Since e
−λi [λi/(1 − e−λi)] = (−λi/1 − e−(−λi)) and
e−λi+θi [1/(1− e−λi+θi)] = −(1/1− e−(−λi+θi)), we get
Tdg(TX )chg(ωX ⊗ ξ
∨)|X g
i
= (−1)n+1−dimX
g
i Tdg(TX
∨)chg(ξ
∨)|X g
i
for every connected component X gi of X
g. Set di := dimX
g
i . Then
(−1)nαg(X0, ωX/C(ξ
∨))
= (−1)n
∑
i∈I
∫
E0∩(X˜
g
H
)i
γ˜∗{
Td(H∨)−1 − 1
c1(H∨)
} q∗{Tdg(TX )chg(ωX ⊗ ξ
∨)}
− (−1)n
∑
j∈J
∫
(X g
V
)j∩X0
Tdg(TX )chg(ωX ⊗ ξ
∨)
=
∑
i∈I
(−1)di+1
∫
E0∩(X˜
g
H
)i
γ˜∗{
Td(H∨)−1 − 1
c1(H∨)
} q∗{Tdg(TX
∨)chg(ξ
∨)}
−
∑
j∈J
(−1)dj+1
∫
(X g
V
)j∩X0
Tdg(TX
∨)chg(ξ
∨)
=
∑
i∈I
(−1)di+1
∫
E0∩(X˜
g
H
)i
∑
e≥0
(−1)e
[
γ˜∗{
Td(H)−1 − 1
c1(H)
} q∗{Tdg(TX )chg(ξ)}
](2e)
−
∑
j∈J
(−1)dj+1
∫
(X g
V
)j∩X0
∑
e≥0
(−1)e[Tdg(TX )chg(ξ)]
(2e),
(4.16)
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where X gH = ∐i∈I(X
g
H)i and X
g
V = ∐j∈J (X
g
V )j are the decompositions into the
connected components. Since X gH intersects X0 properly, we get dimE0 ∩ (X˜
g
H)i =
dim(X˜ gH)i − 1. On the other hand, since X
g
V is contained in the singular fiber of π,
we get dim(X gV )j ∩X0 = dim(X
g
V )j when (X
g
V )j ∩X0 6= ∅. By (4.16), we get (4.15)
(−1)nαg(X0, ωX/C(ξ
∨)) =
∑
i∈I
∫
E0∩(X˜
g
H
)i
γ˜∗{
Td(H)−1 − 1
c1(H)
} q∗{Tdg(TX )chg(ξ)}
+
∑
j∈J
∫
(X g
V
)j∩X0
Tdg(TX )chg(ξ) = −ag(X0, ξ).
5. Nakano semi-positive vector bundles
5.1. Semi-positivity and semi-negativity of vector bundles. Let M be a
connected complex manifold of dimension n+ 1 and let E →M be a holomorphic
vector bundle of rank r equipped with a Hermitian metric hE . Let R
E = (∇E)2 be
the curvature of E, where ∇E is the holomorphic Hermitian connection of (E, hE).
Write hE(i R
E(·), ·) =
∑
a,b,α,β Rαβ¯ab¯ (e
∨
α⊗ e¯
∨
β )⊗ (θa ∧ θ¯b), where {e
∨
α} (resp. {θa})
is a local unitary frame of E∨ (resp. Ω1M ). Then (E, hE) is said to be Nakano
semi-positive if
∑
a,b,α,β Rab¯αβ¯ζ
α
a ζ¯
β
b ≥ 0 for all (ζ
α
a ) ∈ C
r(n+1). Similarly, (E, hE)
is said to be semi-negative in the dual Nakano sense if
∑
a,b,α,β Rab¯αβ¯ζ
α
b ζ¯
β
a ≤ 0
for all (ζαb ) ∈ C
r(n+1). Note the difference of indices in these two definitions. By
[26, Lemma 4.3], (E, hE) is Nakano semi-positive if and only if (E
∨, hE∨) is semi-
negative in the dual Nakano sense, where hE∨ is the metric on E
∨ induced from hE .
We thank Professor Shigeharu Takayama for pointing out the fact that the dual of
a Nakano semi-positive vector bundle is not necessarily Nakano semi-negative but
semi-negative in the dual Nakano sense.
5.2. Some results of Takegoshi for Nakano semi-positive vector bundles.
We recall two results for Nakano semi-positive vector bundles from [28]. Let ∆ ⊂ C
be the unit disc. Let π : M → ∆ be a proper surjective holomorphic map with
critical locus Σ and set Mt := π
−1(t) for t ∈ ∆. Assume that M is a Ka¨hler
manifold with Ka¨hler form κM . Set κMt := κM |Mt and hEt := hE |Mt .
Theorem 5.1. Assume that (E, hE) is Nakano semi-positive. For every u ∈
Hq(M,Ωn+1M (E)), there exists σ ∈ H
0(M,Ωn+1−qM (E)) with
u = [σ ∧ κqM ], (π
∗dt) ∧ σ = 0.
In particular, there exists v ∈ H0(M \Σ,Ωn−qM/∆(E)) with
u|M\Σ = [v ∧ κ
q
M ∧ (π
∗dt)].
For t ∈ ∆ \ π(Σ), v|Mt ∧ κ
q
Mt
∈ An,qMt (Ω
n
Mt
(E|Mt)) is a harmonic form with respect
to κMt , hEt .
Proof. See [28, Th. 5.2 (i), (ii)]. Notice that v|Mt ∧ κ
q
Mt
= ∗(v|Mt) is a harmonic
form with respect to κMt , hEt , since v|Mt ∈ H
0(Mt,Ω
n−q
Mt
) is holomorphic and since
the Hodge star operator preserves harmonic forms. 
Theorem 5.1 and its extension by Mourougane-Takayama [23, Prop. 4.4] shall
play a key role in Sects.6 and 9 to prove Theorem 1.1.
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Lemma 5.2. If (E, hE) is Nakano semi-positive, then R
qπ∗Ω
n+1
M (E) is locally free
for all q ≥ 0.
Proof. Since Rqπ∗Ω
n+1
M (E) is torsion free by [28, Th. 6.5 (i)] and since dimS = 1,
we get the result. 
We refer to [26, Sect. 4], [12, Chap.VII] for more about various notions of pos-
itivity and negativity of vector bundles and [3], [22], [23], [28] for more about the
direct images of Nakano semi-positive vector bundles twisted by the relative canon-
ical bundle.
6. Asymptotic behavior of equivariant analytic torsion
6.1. Set up. Let κX be the Ka¨hler form of hX . In the rest of this paper, we
assume that (ξ, hξ) is Nakano semi-positive on X and that (S, 0) ∼= (∆, 0). By
Lemma 5.2, Rqπ∗ωX/S(ξ) is locally free on S. By shrinking S if necessary, we may
also assume that Rqπ∗ωX/S(ξ) is a free OS-module on S. By the G-equivariance of
Rqπ∗ωX/S(ξ), HomG(W,R
qπ∗ωX/S(ξ))⊗W is a vector bundle on S. By definition,
λG(ωX/S(ξ)) =
∏
W∈Ĝ
⊗
q≥0
det(HomG(W,R
qπ∗ωX/(ξ))⊗W )
(−1)q .
Let rqW ∈ Z≥0 be the rank of HomG(W,R
qπ∗Ω
n+1
X (ξ))⊗W as a free OS-module
on S. Let {Ψ1, . . . ,Ψrq
W
} ⊂ H0(S,HomG(W,Rqπ∗Ω
n+1
X (ξ))⊗W ) be a free basis of
the locally free sheaf HomG(W,R
qπ∗Ω
n+1
X (ξ)) ⊗W on S. Define
σqW := (Ψ1 ⊗ (π
∗ds)−1) ∧ · · · ∧ (Ψrq
W
⊗ (π∗ds)−1)
if HomG(W,R
qπ∗ωX/S(ξ)) 6= 0. We set σ
q
W := 1λW (ξ) if HomG(W,R
qπ∗ωX/S(ξ)) =
0. Then σqW generates det(HomG(W,R
qπ∗ωX/S(ξ)) ⊗W ) on S.
6.2. Semistable reduction. Let T be the unit disc in C. For 0 < ǫ < 1, we set
T (ǫ) := {t ∈ T ; |t| < ǫ} and T o := T \ {0}. By the semistable reduction theorem
[17, Chap. II], there is a diagram
(Y, Y0)
r
−−−−→ (X ×S T,X0)
pr1−−−−→ (X,X0)
f
y pr2y πy
(T, 0)
id
−−−−→ (T, 0)
µ
−−−−→ (S, 0)
such that Y0 = f
−1(0) is a reduced normal crossing divisor. Here µ : (T, 0)→ (S, 0)
is given by µ(t) = tν for some ν ∈ Z>0 and r : Y → X ×S T is a projective
resolution. Set F = pr1 ◦ r : Y → X . Since (F
∗ξ, hF∗ξ := F
∗hξ) is Nakano semi-
positive, we may assume by Lemma 5.2 that Rqf∗Ω
n+1
Y (F
∗ξ) is a free OT -module.
Since f |Y \Y0 : Y \ Y0 → T
o is G-equivariant, Rqf∗Ω
n+1
Y (F
∗ξ)|T o is a G-equivariant
holomorphic vector bundle on T o.
Lemma 6.1. The G-action on Rqf∗Ω
n+1
Y (F
∗ξ)|T o extends to a holomorphic G-
action on Rqf∗Ω
n+1
Y (F
∗ξ).
Proof. Let ρ′ : Z ′ → X ×S T be a G-equivariant resolution and set ̟′ := pr2 ◦ ρ
′
and Π ′ := pr1 ◦ρ
′. By the G-equivariance of ̟′ : Z ′ → T , Rq̟′∗Ω
n+1
Z′ (Π
′∗ξ) is a G-
equivariant holomorphic vector bundle on T . Since Y is birational to Z ′, we get an
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isomorphism Rqf∗Ω
n+1
Y (F
∗ξ) ∼= Rq̟′∗Ω
n+1
Z′ (Π
′∗ξ) of holomorphic vector bundles
on T by [28, Th. 6.9 (i)], which induces the desiredG-action on Rqf∗Ω
n+1
Y (F
∗ξ). 
6.3. Estimate for the L2-metric for the semistable family. We write t for
the coordinate of T ∼= ∆ centered at 0. Set κT = i dt ∧ dt¯, which is a Ka¨hler form
on T . By [23, Sect. 4.1],
κY := F
∗κX + i f
∗κT
is a C∞ (1, 1)-form on Y , which is a Ka¨hler form only on Y \ Y0. To get an es-
timate of the L2-metric on Rqf∗ωY/T (F
∗ξ) with respect to the degenerate Ka¨hler
form κY , we need an analogue of Theorem 5.1 for the Nakano semi-positive vec-
tor bundle (F ∗ξ, F ∗hξ) on (Y, κY ). Such an extension of Theorem 5.1 was given
by Mourougane-Takayama [23, Prop. 4.4]. However, we can not apply it to our
situation at one for the following reason: Set
Σ := Sing(X ×S T ), U := (X ×S T ) \Σ.
We may assume by [17, Chap. II] that r : Y \ r−1(Σ) → U is an isomorphism and
that r−1(Σ) ⊂ Y0 is a normal crossing divisor. However, it is not clear from the
construction in [17, Chap. II] if r : Y → X ×S T is a composite of blowing-ups
with non-singular centers disjoint from U . Since this condition is essential in the
construction of a sequence of Ka¨hler forms on Y approximating κY (cf. [23, Proof
of Prop. 4.4 Step 1]), we can not apply the arguments in [23, Prop. 4.4] to the bundle
(F ∗ξ, hF∗ξ) on (Y, κY ) at once. In stead of applying it to (Y, κY ), we apply it to a
manifold Z dominating Y , whose construction is as follows.
By [4, Th. 13.2], there exists a resolution of the singularity r′ : W → X ×S T ,
which is a composite of blowing-ups with non-singular centers disjoint from U . We
apply [1, Lemma 1.3.1] by setting X1 =W and X2 = Y . As a result, there exist a
projective resolution ρ : Z → X ×S T and a birational morphism ϕ : Z → Y such
that ρ is a composite of blowing-ups with non-singular centers disjoint from U and
ρ = r ◦ ϕ. In particular, Z \ ρ−1(Σ) ∼= Y \ r−1(Σ) ∼= U and Z0 = ϕ
−1(Y0) is a
normal crossing divisor . We set ̟ := pr2 ◦ ρ : Z → T and Π := pr1 ◦ ρ : Z → X .
Regarding X ×S T as a hypersurface of X × T , we get on Y (cf. [23, Sect. 4.1])
κY = r
∗(κX + κT ).
Similarly, κZ := ρ
∗(κX + κT ) is a degenerate Ka¨hler form on Z with κZ = ϕ
∗κY .
Since Z is obtained from X ×S T by a composite of blowing-ups with non-singular
centers, we deduce from e.g. [12, Prop. 12.4], [23, Proof of Prop. 4.4 Step 1] the
existence of a sequence of Ka¨hler forms {κZ,k}k≥1 on Z such that κZ,k = κZ on
Z \ ̟−1(T ( 1k )). (In fact, we can assume [κZ,k]|Z\Z0 = [κZ ]|Z\Z0 for k > 1 by an
appropriate construction of κZ,k. See Sect. 9.1 below.)
Proposition 6.2. For every Θ ∈ Hq(Y,Ωn+1Y (F
∗ξ)), there exists a holomorphic
differential form θ ∈ H0(Y,Ωn+1−qY (F
∗ξ)) such that
Θ|Y \Y0 = [θ ∧ κ
q
Y ]|Y \Y0 ∈ H
q(Y \ Y0,Ω
n+1
Y (F
∗ξ)), θ ∧ f∗dt = 0.
Proof. Since ϕ−1(Y ) = Z, we get ϕ∗Θ ∈ Hq(Z,Ωn+1Z (Π
∗ξ)). By Theorem 5.1
applied to the Nakano semi-positive vector bundle (Π∗ξ,Π∗hξ) on the Ka¨hler mani-
fold (Z, κZ,k), there exists a holomorphic differential form θk ∈ H
0(Z,Ωn+1−qZ (Π
∗ξ))
such that
ϕ∗Θ = [θk ∧ κ
q
Z,k], (̟
∗ds) ∧ θk = 0.(6.1)
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Let W ⊂ T be an open subset such that W ⊂ T \ T ( 1k ) for all k > 1. Since
κZ,k = κZ on Z \ ̟−1(T (
1
k )), we get κZ,k = κZ on ̟
−1(W) for all k > 1. By
[23, Proof of Prop. 4.4 Step 3], the equality κZ,k|̟−1(W) = κZ,l|̟−1(W) implies that
θk|̟−1(W) = θl|̟−1(W) and hence θk = θl for all k, l > 1. We set θ∞ := θk. Then
ϕ∗Θ = [θ∞ ∧ κ
q
Z,k], (̟
∗ds) ∧ θ∞ = 0(6.2)
for all k > 1 by (6.1). Since κZ,k = κZ on Z \̟−1(T (
1
k )), we get the equality of
cohomology classes
ϕ∗Θ|Z\̟−1(T ( 1k )) = [θ∞ ∧ κ
q
Z ]|Z\̟−1(T ( 1k ))(6.3)
for all k > 1. Since k > 1 is arbitrary, we get by (6.3)
ϕ∗Θ|Z\Z0 = [θ∞ ∧ κ
q
Z ]|Z\Z0 , Z0 := ̟
−1(0).(6.4)
(In fact, ϕ∗Θ = [θ∞ ∧ κ
q
Z ]. See Sect. 9.2 below.)
Since ϕ : Z → Y induces an isomorphism between Z \ ρ−1(Σ) and Y \ r−1(Σ),
we get (ϕ−1)∗θ∞ ∈ H
0(Y \ Y0,Ω
n+1−q
Y (F
∗ξ)). Let ωY be a Ka¨hler form on Y .
Since θ∞ ∧ θ∞ ∧ ϕ
∗ωqY is a C
∞ top form on Z, we get (ϕ−1)∗θ∞ ∈ L
2
loc(Y ). In
particular, (ϕ−1)∗θ∞ extends to a holomorphic differential form on Y . Hence there
exists θ ∈ H0(Y,Ωn+1−qY (F
∗ξ)) such that (ϕ−1)∗θ∞ = θ|Y \Y0 . Since κZ = ϕ
∗κY ,
we get
Θ|Y \Y0 = (ϕ
−1)∗ϕ∗Θ|Z\Z0 = (ϕ
−1)∗[θ∞ ∧ κ
q
Z ]|Z\Z0 = [θ ∧ κ
q
Y ]|Y \Y0 .
Since ̟ = f ◦ ϕ and hence (ϕ−1)∗̟∗ = f∗, we get (f∗ds) ∧ θ = 0 by the relation
(̟∗ds) ∧ θ∞ = 0. This completes the proof. 
In fact, we get Θ = [θ ∧ κqY ] in Proposition 6.2. See Sect. 9.2.
Let {Θ1, . . . ,Θrq
W
} be a basis of HomG(W,Rqf∗Ω
n+1
Y (F
∗ξ))⊗W as a free OT -
module. Shrinking T if necessary, we may assume Θα ∈ Hq(Y,Ω
n+1
Y (F
∗ξ)). By
Proposition 6.2, there exist holomorphic differential forms θα ∈ H0(Y,Ω
n−q+1
Y (F
∗ξ))
and Ξα ∈ H
0(Y \ Y0,Ω
n−q
Y/T (F
∗ξ)) such that
Θα|Y \Y0 = [θα ∧ κ
q
Y ]|Y \Y0 ∈ H
q(Y \ Y0,Ω
n+1
Y (F
∗ξ)),(6.5)
θα|Y \Y0 = Ξα ∧ f
∗dt.(6.6)
For t ∈ T o, we set
Hαβ¯(t) := (Θα ⊗ (f
∗dt)−1|Yt ,Θβ ⊗ (f
∗dt)−1|Yt)L2 .
Then H(t) = (Hαβ¯(t)) is a positive-definite r
q
W × r
q
W -Hermitian matrix. Set κYt :=
κY |Yt for t ∈ T
o. Since Ξα ∧ κ
q
Y |Yt is the harmonic representative of its class
[Ξα ∧ κ
q
Y ]|Yt with respect to the metrics κYt , hF∗ξ|Yt , we get for all t ∈ T
o
Hαβ¯(t) = ([Ξα ∧ κ
q
Y ]|Yt , [Ξβ ∧ κ
q
Y ]|Yt)L2 =
∫
Yt
i(n−q)
2
hF∗ξ(Ξα ∧ Ξβ)|Yt ∧ κ
q
Yt
.
Here hF∗ξ(Ξα∧Ξβ) is defined as follows: Let {e1, . . . , er} be a local frame of F ∗ξ and
let {e∨1 , . . . , e
∨
r } be its dual frame of F
∗ξ∨. We can express locally Ξα =
∑
i Ξα,i⊗ei
and hF∗ξ =
∑
i,j hij¯e
∨
i ⊗ e¯
∨
j , where Ξα,i is a local holomorphic section of Ω
q
Y/T and
hij¯ is a local C
∞ function. We define
hF∗ξ(Ξα ∧ Ξβ) :=
∑
i,j
hij¯Ξα,i ∧ Ξβ,j ∈ C
∞(Y \ Y0,Ω
q
Y/T ∧ Ω
q
Y/T ).
SINGULARITIES AND ANALYTIC TORSION 19
Then hF∗ξ(Ξα ∧ Ξβ)|Yt = hF∗ξ(Ξα|Yt ∧ Ξβ |Yt) ∈ A
q,q
Yt
for all t ∈ T o.
Lemma 6.3. One has Hαβ¯(t) ∈
⊕n
m=0(log |t|)
m C∞(T ), so that there exist con-
stants aαβ¯;m ∈ C with
Hαβ¯(t) =
n∑
m=0
aαβ¯;m (log |t|
2)m +O (|t|(log |t|)n) (t→ 0).
In particular, detH(t) ∈
⊕n
m=0(log |t|)
m C∞(T ) and there exist constants cm ∈ R,
0 ≤ m ≤ nrqW with
detH(t) =
nrq
W∑
m=0
cm (log |t|
2)m +O
(
|t|(log |t|)nr
q
W
)
(t→ 0).
Proof. By (6.6), we get on Y \ Y0
f∗(i dt ∧ dt¯) ∧ {i(n−q)
2
hF∗ξ(Ξα ∧ Ξβ) ∧ κ
q
Y } = i
(n−q+1)2hF∗ξ(θα ∧ θβ) ∧ κ
q
Y .
(6.7)
Let {Vλ}λ∈Λ be an open covering of Y with #Λ < +∞ such that there is a
system of coordinates (z0, . . . , zn) on Vλ with f |Vλ(z) = z0 · · · zk. Here k depends
on λ ∈ Λ. Let {̺λ}λ∈Λ be a partition of unity subject to the covering {Vλ}λ∈Λ.
On Vλ, we define
τ :=
1
k
k∑
j=0
(−1)j−1zj dz0 ∧ · · · ∧ dzj−1 ∧ dzj+1 ∧ · · · ∧ dzk ∧ dzk+1 ∧ · · · ∧ dzn.
Then π∗(dt/t) ∧ τ = dz0 ∧ · · · ∧ dzn on Vλ. Since θα and θβ are holomorphic
n− q+1-forms on Y and since κY ∈ A
1,1
Y , there exists Bαβ¯(z) ∈ C
∞
0 (Vλ) such that
̺λ(z)hF∗ξ(θα ∧ θβ) ∧ κ
n−q
Y |Vλ = Bαβ¯(z) dz0 ∧ · · · ∧ dzn ∧ dz0 ∧ · · · ∧ dzn
= (−1)nBαβ¯(z)
(
τ
f∗t
)
∧
(
τ
f∗t
)
∧ f∗(dt ∧ dt¯).
(6.8)
Comparing (6.7) and (6.8), we get
∫
Yt∩Vλ
i(n−q)
2
̺λ(z)hF∗ξ(Ξα ∧ Ξβ)|Yt ∧ κ
q
Yt
= |t|−2
∫
Yt∩Vλ
i(n−q)
2
Bαβ¯(z) τ ∧ τ.
(6.9)
Since τ/f∗t = 1k
∑k
j=0(−1)
j−1 dz0
z0
∧ · · · ∧ dzj−1zj−1 ∧
dzj+1
zj+1
∧ · · ·∧ dzkzk ∧dzk+1 ∧ · · · ∧dzn
has only logarithmic singularities, there exists by (6.9) a constant C0 > 0 such that∣∣∣∣∫
Yt∩Vλ
̺λ(z)hF∗ξ(Ξα ∧ Ξβ)|Yt ∧ κ
q
Yt
∣∣∣∣ ≤ C0 (− log |t|2)k(6.10)
for all t ∈ T o. On the other hand, we deduce from [2, p.166 Th. 4bis.] that
f∗(Bαβ¯ τ ∧ τ ) ∈ C
∞(T )⊕
⊕n
m=0 |t|
2(log |t|)m C∞(T ) is of the following form
∫
Yt∩Vλ
i(n−q)
2
Bαβ¯(z) τ ∧ τ = a
(λ)
αβ¯
+ b
(λ)
αβ¯
t+ c
(λ)
αβ¯
t¯+
k∑
m=0
a
(λ)
αβ¯;m
(t) |t|2(log |t|2)m
(6.11)
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as t → 0, where a
(λ)
αβ¯
, b
(λ)
αβ¯
, c
(λ)
αβ¯
are constants and a
(λ)
αβ¯;m
(t) ∈ C∞(T ). Comparing
(6.9), (6.10), (6.11), we get a
(λ)
αβ¯
= b
(λ)
αβ¯
= c
(λ)
αβ¯
= 0 and
∫
Yt∩Vλ
i(n−q)
2
̺λ(z)hF∗ξ(Ξα ∧ Ξβ)|Yt ∧ κ
q
Yt
=
k∑
m=0
a
(λ)
αβ¯;m
(t) (log |t|2)m.
(6.12)
Since f∗(̺λhF∗ξ(Ξα ∧ Ξβ) ∧ κ
q
Y ) ∈
⊕n
m=0(log |t|)
m C∞(T ) by (6.12), we get
Hαβ¯(t) =
∑
λ∈Λ
i(n−q)
2
f∗(̺λ hF∗ξ(Ξα ∧ Ξβ) ∧ κ
q
Y ) ∈
n⊕
m=0
(log |t|)m C∞(T ).
This completes the proof. 
Lemma 6.4. There exists C > 0 such that the following inequality holds for all
u = (u1, . . . , urq
W
) ∈ Cr
q
W and t ∈ T o:
‖
∑
α
uαΘα ⊗ (f
∗dt)−1|Yt‖
2
L2 ≥ C |u|
2.
In particular, the following inequality holds for all t ∈ T o
detH(t) ≥ Cr
q
W .
Proof. By [28, Th. 6.9 (i)], {(ϕ∗Θ1) ⊗ (̟∗dt)−1, . . . , (ϕ∗Θrq
W
) ⊗ (̟∗dt)−1} is a
basis of the free OT -module HomG(W,Rq̟∗ωZ/T (ϕ
∗F ∗ξ))⊗W . Since Θα|Y \Y0 =
[Ξα ∧ κ
q
Y ∧ (f
∗dt)] by (6.5), (6.6), we get ϕ∗Θα|Z\Z0 = [(ϕ
∗Ξα) ∧ κ
q
Z ∧ (̟
∗dt)].
Since ρ : Z → X ×T S is a composite of blowing-ups with non-singular centers
disjoint from U and hence satisfies [23, Sect. 2.3 (1), (2)], there is a constant C0 > 0
by [23, Lemmas 4.7 and 4.8] such that for all u = (uα) ∈ C
rq
W and t ∈ T o,
‖
∑
α
uα(ϕ
∗Ξα) ∧ κ
q
Z |Zt‖
2
L2 = ‖
∑
α
uαϕ
∗Ξα|Zt‖
2
L2 ≥ C0 |u|
2.
Since κZ = ϕ
∗κY and hence
‖
∑
α
uαΘα⊗ (f
∗dt)−1|Yt‖
2
L2 = ‖
∑
α
uαΞα∧κ
q
Y |Yt‖
2
L2 = ‖
∑
α
uα(ϕ
∗Ξα)∧κ
q
Z |Zt‖
2
L2,
we get the first inequality. Since tvH(t)v¯ ≥ C0‖v‖2 for all v ∈ C
rq
W and t ∈ T o
by the first inequality, the smallest eigenvalue of H(t) is greater than or equal to
C0 > 0, which implies detH(t) ≥ C
rq
W
0 . 
Proposition 6.5. There exist an integer νqW ∈ Z≥0 and a constant c
q
W ∈ R such
that as t→ 0,
log detH(t) = νqW log
(
− log |t|2
)
+ cqW + O (1/ log |t|) .
Proof. By the second statement of Lemma 6.4, there exists non-zero cm in Lemma 6.3.
Let cN (log |t|)N be the leading term of the expansion of detH(t). Namely, cN 6= 0
and cm = 0 for m > N in Lemma 6.3. Then we get by Lemma 6.3
detH(t) = cN (log |t|)
N (1 +O (1/ log |t|)) (t→ 0).
The result follows from this estimate. 
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Proposition 6.6. Let ς ∈ Γ(T,Rqf∗ωY/T (F
∗ξ)). Then Rqf∗ωY/T (F
∗ξ)/OT ς is a
free OT -module near t = 0 if and only if
log ‖ς(t)‖L2 = O (log(− log |t|)) (t→ 0).
In particular, τ ∈ Γ(T o, Rqf∗ωY/T (F
∗ξ)) extends to a holomorphic section defined
on T if and only if there exists e ∈ Z≥0 with
log ‖τ(t)‖L2 = e log |t|+O (log(− log |t|)) (t→ 0).
Proof. Set lq := h
q(Yt, ωYt(F
∗ξ)). If Rqf∗ωY/T (F
∗ξ)/OT ς is free around t = 0,
then there is a basis {Θ1, . . . ,Θlq} of R
qf∗Ω
n+1
Y (F
∗ξ) around t = 0 with ς =
Θ1 ⊗ (f
∗dt)−1. The desired estimate C ≤ ‖ς(t)‖L2 ≤ C(− log |t|)
nlq for all t ∈ T o
follows from (6.11) and Lemma 6.4 after shrinking T if necessary.
Assume log ‖ς(t)‖L2 = O (log(− log |t|)) as t → 0. Let {Θ1, . . . ,Θlq} be a ba-
sis of Rqf∗Ω
n+1
Y (F
∗ξ) on T (ǫ) for some ǫ > 0. On T (ǫ), we can express ς(t) =∑
α cα(t)Θα ⊗ (f
∗dt)−1|Yt , where cα(t) ∈ O(T (ǫ)). Let ν ∈ Z≥0 be such that
ς(t)/tν ∈ O(T (ǫ)) and ς(t)/tν+1 6∈ O(T (ǫ)). There is a basis {Θ′1, . . . ,Θ
′
lq
} of
Rqf∗Ω
n+1
Y (F
∗ξ) with Θ′1 ⊗ (f
∗dt)−1 = t−νς(t). Since C ≤ ‖Θ′1 ⊗ (f
∗dt)−1|Yt‖L2 ≤
C(− log |t|)nlq by (6.11) and Lemma 6.4, log ‖ς(t)‖L2 = −ν log |t|+O(log(− log |t|))
as t → 0. Since log ‖ς(t)‖L2 = O (log(− log |t|)) as t → 0 by assumption, we get
ν = 0. Hence ς = Θ′1 ⊗ (f
∗dt)−1 is a part of a basis of Rqf∗Ω
n+1
Y (F
∗ξ). 
6.4. Comparison of the L2-metrics. We recall the following result of Mourougane-
Takayama.
Proposition 6.7. There is a natural injection
ϕ : Rqf∗ωY/T (F
∗ξ) →֒ µ∗Rqπ∗ωX/S(ξ)(6.13)
with the following properties:
(1) µ∗Rqπ∗ωX/S(ξ)/ϕ(R
qf∗ωY/T (F
∗ξ)) is a torsion sheaf on T supported at 0.
(2) ϕ preserves the L2-metrics, i.e.,
ϕ∗µ∗hRqπ∗ωX/S(ξ) = hRqf∗ωY/T (F∗ξ).
Here hRqπ∗ωX/S(ξ) (resp. hRqf∗ωY/T (F∗ξ)) is the L
2-metric on Rqπ∗ωX/S(ξ) (resp.
Rqf∗ωY/T (F
∗ξ)) with respect to κX , hξ (resp. κY , F
∗hξ).
Proof. See [23, Lemmas 3.3 and 4.2]. 
We remark that since ϕ|T o is G-equivariant and ϕ is defined on T , ϕ is G-
equivariant on T .
Let m0 = tOT ⊂ OT be the ideal sheaf of 0 ∈ T . For q ≥ 0 and W ∈ Ĝ, we set
δqW := dimOT /m0
HomG(W,µ
∗Rqπ∗ωX/S(ξ)) ⊗W
HomG(W,Rqf∗ωY/T (F ∗ξ))⊗W
∈ Z≥0.(6.14)
Theorem 6.8. By choosing the basis {Ψ1, . . . ,Ψrq
W
} and {Θ1, . . . ,Θrq
W
} appropri-
ately, there exist integers e1, . . . , erq
W
≥ 0 such that the rqW × r
q
W -Hermitian matrix
G(s) := ((Ψα ⊗ (π∗ds)−1|Xs ,Ψβ ⊗ (π
∗ds)−1|Xs)L2) is expressed as follows:
G(µ(t)) = D(t) ·H(t) ·D(t), D(t) = diag(t−e1 , . . . , t−eρq ).
In particular, as s→ 0,
log ‖σqW (s)‖
2
L2 = −
δqW
deg µ
log |s|2 + νqW log
(
− log |s|2
)
+ cqW +O (1/ log |s|) .
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Proof. By choosing the basis {Ψα} and {Θα} suitably, there exists by Proposi-
tion 6.7 (1) an integer eα ∈ Z≥0 for all 1 ≤ α ≤ r
q
W such that the following equality
holds on T :
µ∗(Ψα ⊗ (π
∗dt)−1)|Yt = t
−eαϕ(Θα ⊗ (f
∗dt)−1|Yt).
Then we get
Gαβ¯(µ(t)) = (Ψα ⊗ (π
∗ds)−1|Xtν ,Ψβ ⊗ (π
∗ds)−1|Xtν )L2
= hRqπ∗ωX/S(ξ)(Ψα ⊗ (π
∗ds)−1,Ψβ ⊗ (π
∗ds)−1)(µ(t))
= t−eα t¯−eβhRqπ∗ωX/S(ξ)(ϕ(Θα ⊗ (f
∗dt)−1), ϕ(Θβ ⊗ (f
∗dt)−1))(µ(t))
= t−eα t¯−eβϕ∗µ∗hRqπ∗ωX/S(ξ)(Θα ⊗ (f
∗dt)−1,Θβ ⊗ (f
∗dt)−1)(t)
= t−eα t¯−eβhRqf∗ωY/T (F∗ξ)(Θα ⊗ (f
∗dt)−1,Θβ ⊗ (f
∗dt)−1)(t)
= t−eα t¯−eβHαβ¯(t),
(6.15)
where the fifth equality follows from Proposition 6.7 (2). This proves the first
equality of Proposition 6.8. Since
∑
α
eα = dimOT /m0
⊕
α
OTΨα ⊗ (π
∗ds)−1/OTϕ(Θα ⊗ (f
∗dt)−1)
= dimOT /m0
HomG(W,µ
∗Rqπ∗ωX/S(ξ)) ⊗W
HomG(W,Rqf∗ωY/S(F ∗ξ))⊗W
= δqW ,
(6.16)
we get by (6.15), (6.16)
detG(µ(t)) = |t|−2δ
q
W detH(t).(6.17)
Since |t| = |s|
1
ν and ‖σqW (s)‖
2
L2 = detG(s), the second equality of Proposition 6.8
follows from (6.17) and Proposition 6.5. 
We remark that one can get Theorem 6.8 by using the method of variation of
Hodge structures when (ξ, hξ) is a trivial Hermtian line bundle on X [34, Sect. 2.2].
For an application of Theorem 6.8 to the curvature of L2-metric, see [34].
We define
Lg
(
µ∗Rπ∗ωX/S(ξ)
Rf∗ωY/T (F ∗ξ)
)
:=
∑
q≥0
(−1)qTr[g|(µ∗Rqπ∗ωX/S(ξ)/Rqf∗ωY/T (F∗ξ))0 ].
Lemma 6.9. The following identity holds
Lg(µ
∗Rπ∗ωX/S(ξ)/Rf∗ωY/T (F
∗ξ)) =
∑
W∈Ĝ
∑
q≥0
(−1)q
χW (g)
dimW
δqW .
Proof. Since
µ∗Rqπ∗ωX/S(ξ)
Rqf∗ωY/T (F ∗ξ)
=
⊕
W∈Ĝ
HomG(W,µ
∗Rqπ∗ωX/S(ξ))⊗W
HomG(W,Rqf∗ωY/T (F ∗ξ)) ⊗W
,
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we get
Tr
[
g|(µ∗Rqπ∗ωX/S(ξ)/Rqf∗ωY/T (F∗ξ))0
]
=
∑
W∈Ĝ
(
dimOT /m0
HomG(W,µ
∗Rqπ∗ωX/S(ξ))
HomG(W,Rqf∗ωY/T (F ∗ξ))
)
Tr[g|W ]
=
∑
W∈Ĝ
(
dimOT /m0
HomG(W,µ
∗Rqπ∗ωX/S(ξ))
HomG(W,Rqf∗ωY/T (F ∗ξ))
)
χW (g)
=
∑
W∈Ĝ
(
dimOT /m0
HomG(W,µ
∗Rqπ∗ωX/S(ξ)) ⊗W
HomG(W,Rqf∗ωY/T (F ∗ξ))⊗W
)
χW (g)
dimW
=
∑
W∈Ĝ
δqW
χW (g)
dimW
,
(6.18)
from which the result follows. 
6.5. Proof of Theorem 1.1. By the definition of σW , σ := (σW )W∈Ĝ is an ad-
missible section of λG(ωX/S(ξ)) = λG(ωX/C(ξ))|S . By Theorem 4.4, we get
log ‖σ(s)‖2λG(ωX/C(ξ)),Q (g) = αg(X0, ωX/S(ξ)) log |s|
2 +O (1)
(6.19)
as s→ 0. On the other hand, we get by Proposition 6.8 and Lemma 6.9
log ‖σ(s)‖2λG(ωX/C(ξ)),Q (g)
= log τG(Xs, ωXs(ξs))(g) +
∑
q≥0,W∈Ĝ
(−1)q
χW (g)
dimW
log ‖σqW (s)‖
2
L2
= log τG(Xs, ωXs(ξs))(g) +∑
q,W
(−1)q
χW (g)
dimW
{
−
δqW
deg µ
log |s|2 + νqW log(− log |s|
2) + cqW +O
(
1
log |s|
)}
= log τG(Xs, ωXs(ξs))(g)−
1
deg µ
Lg(µ
∗Rπ∗ωX/S(ξ)/Rf∗ωY/T (F
∗ξ)) log |s|2
+ (
∑
q,W
(−1)q
χW (g)
dimW
νqW ) log(− log |s|
2) +
∑
q,W
(−1)q
χW (g)
dimW
cqW +O
(
1
log |s|
)
.
(6.20)
Comparing (6.19) and (6.20), we get
log τG(Xs, ωXs(ξs))(g) = βg log |s|
2 + νg log(− log |s|
2) + cg +O(1/ log |s|)
(6.21)
as s→ 0, where we used the following notation in (6.21)
βg := αg(X0, ωX/S(ξ)) +
1
degµLg
(
µ∗Rπ∗ωX/S(ξ)/Rf∗ωY/T (F
∗ξ)
)
,
νg :=
∑
q≥0,W∈Ĝ
(−1)q+1χW (g)ν
q
W / dimW,
cg :=
∑
q≥0,W∈Ĝ
(−1)q+1χW (g)c
q
W / dimW.
(6.22)
This completes the proof. 
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Corollary 6.10. Let (E, hE) be a holomorphic Hermitian vector bundle on X . If
(E, hE) is semi-negative in the dual Nakano sense on X, then as s→ 0
(−1)n+1 log τG(Xs, Es)(g) = βg log |s|
2 + νg log(− log |s|
2) + cg +O(1/ log |s|).
Here βg, νg, cg are constants defined by the formula (6.22) by setting ξ = E
∨.
Proof. Let p,qEs denote the Laplacian acting on A
p,q
Xs
(ξ) and let ∗ be the Hodge star
operator. Since ∗0,qEs∗
−1 = n,n−qE∨s = 
0,n−q
Ωn
Xs
(E∨s )
, we get the relation
log τG(Xs, Es)(g) = (−1)
n+1 log τG(Xs, ωXs(E
∨
s ))(g).(6.23)
Since (E∨, hE∨) is Nakano semi-positive on X , the result follows from Theorem 1.1
and (6.23). 
Corollary 6.11. If (ξ, hξ) is Nakano semi-positive on X and if X0 is a reduced
normal crossing divisor of X, then as s→ 0
log τG(Xs, ωXs(ξs))(g) = αg(X0, ωX/S(ξ)) log |s|
2+νg log(− log |s|
2)+cg+O(
1
log |s|
).
Proof. We get Lg(µ
∗Rπ∗ωX/S(ξ)/Rf∗ωY/T (F
∗ξ)) = 0 in Theorem 1.1, since π : X →
S is a semistable degeneration. The result follows from Theorem 1.1. 
7. (Log-)Canonical singularities and analytic torsion
7.1. (Log-)Canonical singularities. Let V be an n-dimensional normal projec-
tive variety with locally free dualizing sheaf ωV . Set Vreg := V \ Sing V and let
i : Vreg →֒ V be the inclusion. Then ωV = i∗ΩnVreg . The zero divisor of a holomor-
phic section of ωV is called a canonical divisor of V and is denoted by KV . Then
V has only canonical (resp. log-canonical) singularities if there exist a resolution
ϕ : V˜ → V and an ϕ-exceptional normal crossing divisor E =
∑
i∈I ai Ei ⊂ V˜ such
that K
V˜
= ϕ∗KV + E and ai ≥ 0 (resp. ai ≥ −1) for all i ∈ I. Here Ei are
irreducible and reduced divisors of V˜ . If V has only canonical singularities, then
ϕ∗ : H0(V, ωV ) → H0(V˜ , ωV˜ ) is an isomorphism. In particular, every element of
H0(V, ωV ) is square integrable with respect to any Hermitian metric on Vreg.
LetW be a smooth projective manifold and let D ⊂W be a divisor. A birational
morphism ϕ : W˜ →W between smooth projective manifolds is called an embedded
resolution ofD if ϕ is an isomorphism between W˜ \ϕ−1(SingD) andW \SingD such
that D˜, the proper transform of D, is smooth. The pair (W,D) has only canonical
(resp. log-canonical) singularities if there exist an embedded resolution ϕ : W˜ →W
of D and an ϕ-exceptional normal crossing divisor E =
∑
i∈I aiEi ⊂ W˜ such that
ϕ−1(D) is a normal crossing divisor and such that K
W˜
+ D˜ = ϕ∗(KW + D) + E
with ai ≥ 0 (resp. ai ≥ −1) for all i ∈ I. If D is a reduced normal crossing divisor
of W , then the pair (W,D) has only log-canonical singularities.
If X0 is reduced and normal and has only canonical (resp. log-canonical) singu-
larities, then the pair (X,X0) has only canonical (resp. log-canonical) singularities
by [27], [20, Th. 7.9] (resp. [20, Th. 7.5]). By [20, Cor. 11.13], the condition that
X0 has only canonical singularities is equivalent to the one that X0 has only ra-
tional singularities since X0 is reduced and normal. We refer to e.g. [20] and the
references therein for more about related notions of singularities.
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7.2. Integration along fibers and (log-)canonical singularities. Let ̺ ∈
An+1,n+1X and χ ∈ A
n+1,n
X . Write ̺ = π
∗(ds ∧ ds¯) ∧ R and χ = (π∗ds) ∧K, where
R ∈ C∞(X \ SingX0,Ω
n
X/S ∧ Ω
n
X/S) and K ∈ C
∞(X \ SingX0,Ω
n
X/S ∧ Ω
n
X/S).
Define R(s) ∈ C∞(So) and K(s) ∈ C∞(So) as
R(s) :=
∫
Xs
R|Xs , K(s) :=
∫
Xs
K|Xs ,
so that π∗(̺) = R(s) ds ∧ ds¯ and π∗(χ) = K(s) ds.
Lemma 7.1. Assume that X0 is a reduced divisor of X .
(1) If the pair (X , X0) has only canonical singularities, then R(s),K(s) ∈ B(S)
and R(0) =
∫
(X0)reg
R|(X0)reg , K(0) =
∫
(X0)reg
K|(X0)reg .
(2) If the pair (X , X0) has only log-canonical singularities, then there exists
C > 0 such that |R(s)| ≤ C (− log |s|)n.
Proof. Step 1 Since the pair (X , X0) has only canonical (resp. log-canonical)
singularities, there exist an embedded resolution ϕ : Z → X of X0 and an ϕ-
exceptional normal crossing divisor E ⊂ Z such that KZ+ X˜0 = ϕ∗(KX +X0)+E,
E =
∑
i∈I aiDi. Here X˜0 ⊂ Z is the proper transform of X0, Di are irreducible and
reduced divisors of Z and ai ≥ 0 (resp. ai ≥ −1) for all i ∈ I. We may assume that
Z0 := ϕ
−1(X0) is a normal crossing divisor of Z with X˜0∪E ⊂ Z0. Set π′ := π ◦ϕ.
Then Z0 = (π
′)−1(0) and Zs := (π
′)−1(s) ∼= Xs for s ∈ So.
Let V ⊂ X be an open subset, on which there is a nowhere vanishing holomorphic
n + 1-form Θ. By an argument using partition of unity, it suffices to prove the
assertion when ̺ and χ are supported in V . In what follows, we assume supp ̺ ⊂ V
and suppχ ⊂ V .
Let p ∈ Z0 ∩ ϕ
−1(V). Since X0 is a reduced divisor of X , there is a coordinate
neighborhood (U, (z0, · · · , zn)) centered at p satisfying ϕ(U) ⊂ V and one of the
following (a), (b): Write π′|U (z) = z
e0
0 · · · z
en
n , ei ∈ Z≥0.
(a) If p ∈ X˜0, then Zs∩U = {z ∈ U ; z0z
e1
1 · · · z
en
n = s} and X˜0∩U = {z0 = 0}.
(b) If p 6∈ X˜0, then Zs∩U = {z ∈ U ; z
e0
0 z
e1
1 · · · z
en
n = s}, e0 > 0 and X˜0∩U = ∅.
Since e0 = 1 in case (a), we get the following expression on U :
(π′)∗
(
ds
s
)
= ϕ∗π∗
(
ds
s
)
=
{
dz0
z0
+
∑
i≥1 ei
dzi
zi
if p ∈ X˜0,∑
i≥0 ei
dzi
zi
if p 6∈ X˜0.
(7.1)
Step 2 Since Θ/π∗s ∈ H0(V , ωX (X0)), ϕ∗(Θ/π∗s) is a meromorphic canonical
form on Z ∩ ϕ−1(V) with at most logarithmic pole along X˜0 ∩ ϕ−1(V) (resp. Z˜0 ∩
ϕ−1(V)) by the assumption KZ + X˜0 = ϕ∗(KX +X0) +
∑
i∈I aiDi, ai ≥ 0 (resp.
ai ≥ −1). Hence we get the following expression on U
ϕ∗
(
Θ
π∗s
)
=

a(z) dz0z0 ∧ dz1 ∧ · · · ∧ dzn if p ∈ X˜0 ∩ U, (X , X0) is C,
b(z) dz0 ∧ · · · ∧ dzn if p 6∈ X˜0 ∩ U, (X , X0) is C,
a′(z) dz0z0 ∧ · · · ∧
dzn
zn
if p ∈ Z0 ∩ U, (X , X0) is LC,
(7.2)
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where a(z), b(z), a′(z) ∈ O(U). Here we wrote C (resp. LC) for canonical (resp.
log-canonical). Let Ξ ∈ Γ(V \X0,ΩnX/S) be such that Θ = Ξ ∧ π
∗ds. Since
ϕ∗(Θ/π∗s) = ϕ∗Ξ ∧ (π′)∗(ds/s),(7.3)
ϕ∗Ξ is expressed as follows on U \ Z0 by (7.1), (7.2), (7.3):
ϕ∗Ξ =

a(z) dz1 ∧ · · · ∧ dzn mod (π′)∗ds if p ∈ X˜0 ∩ U, (X , X0) is C,
z0
e0
b(z) dz1 ∧ · · · ∧ dzn mod (π′)∗ds if p 6∈ X˜0 ∩ U, (X , X0) is C,
a′(z) dz1z1 ∧ · · · ∧
dzn
zn
mod (π′)∗ds if p ∈ Z0 ∩ U, (X , X0) is LC.
(7.4)
If (X , X0) has only canonical singularities, then we set c(z) := a(z) in case (a) and
c(z) := z0b(z)/e0 in case (b). If (X , X0) has only log-canonical singularities, then
we set c(z) := a′(z). We always have c(z) ∈ O(U).
By (7.4), we get for all F ∈ C∞0 (U) and s ∈ S
o∫
Zs∩U
F ϕ∗(Ξ ∧ Ξ)|Zs∩U =
∫
Zs∩U
F (z) |c(z)|2 dz1 ∧ · · · ∧ dzn ∧ dz1 ∧ · · · ∧ dzn.
Step 3 In Steps 3,4, we assume that (X , X0) has only canonical singularities.
Since the integrand is a C∞ (n, n)-form on U , we get by [2, Th. 1]
lim
s→0
∫
Zs∩U
F ϕ∗(Ξ ∧ Ξ) =
∫
Z0∩U
F (z) |c(z)|2 dz1 ∧ · · · ∧ dzn ∧ dz1 ∧ · · · ∧ dzn
=
∫
X˜0∩U
F (z) |c(z)|2 dz1 ∧ · · · ∧ dzn ∧ dz1 ∧ · · · ∧ dzn
=
∫
X˜0∩U
F ϕ∗(Ξ ∧ Ξ).
(7.5)
Here we get the second equality as follows. In case (a), (Z0\X˜0)∩U is defined locally
by the equation ze11 · · · z
en
n = 0. Hence one of dz1, . . . , dzn vanishes on (Z0\X˜0)∩U ,
which implies the second equality of (7.5). In case (b), let x ∈ (Z0 \ X˜0)∩U . Then
one of z0, . . . , zn vanishes on a neighborhood W of x in (Z0 \ X˜0)∩U . If z0|W = 0,
then ci|W = (z0bi/e0)|W = 0. If zj|W = 0 for some j > 0, then dzj |W = 0. Since
(Z0 \ X˜0) ∩ U is covered by these W , we get∫
(Z0\X˜0)∩U
F (z) |c(z)|2 dz1 ∧ · · · ∧ dzn ∧ dz1 ∧ · · · ∧ dzn = 0.
Step 4 Let {Uα}α∈A be a covering of π−1(V) with #A < ∞ such that on Uα,
there is a system of coordinates satisfying (a) or (b) as in Step 2. Let {χα}α∈A be
a partition of unity subject to the covering {Uα}α∈A.
Since ̺ ∈ An+1,n+1X and χ ∈ A
n+1,n
X have compact support in V , there exist
m ∈ C∞(V) and B ∈ A0,qX with suppB ⊂ V such that
̺ = (−1)nmΘ∧Θ = π∗(ds∧ds¯)∧mΞ∧Ξ, χ = (−1)nΘ∧B = (π∗ds)∧Ξ∧B.
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Since π∗̺ = π∗(mΞ∧Ξ) ds∧ds¯ and π∗χ = π∗(Ξ∧B) ds, we get R(s) = π∗(mΞ∧Ξ)
and K(s) = π∗(Ξ ∧B). Since
lim
s→0
R(s) = lim
s→0
∫
Xs
(mΞ ∧ Ξ)|Xs = lim
s→0
∑
α∈A
∫
Zs∩Uα
χα ϕ
∗(mΞ ∧ Ξ)|Zs∩Uα
=
∑
α∈A
∫
X˜0∩Uα
χα ϕ
∗(mΞ ∧ Ξ)|
X˜0∩Uα
=
∫
X˜0
ϕ∗(mΞ ∧ Ξ)|
X˜0
=
∫
(X0)reg
mΞ ∧ Ξ|(X0)reg = R(0)
(7.6)
by (7.5), we get R(s) ∈ C0(S) by (7.6). Since |s|2R(s) ∈ B(S) by [31, Lemma 9.2],
we get R(s) ∈ C0(S) ∩ |s|−2B(S) = B(S).
Let B ∈ A0,nX with suppB ⊂ B. Since B ∧ π
∗ds¯ = hΘ with some h ∈ C∞0 (V),
we get B = hΞ mod π∗ds¯. Since Ξ∧B = hΞ∧Ξ mod π∗ds with h ∈ C∞0 (V) and
hence K(s) =
∫
Xs
hΞ ∧ Ξ|Xs , we get by (7.6)
lim
s→0
K(s) =
∫
(X0)reg
Ξ ∧B|(X0)reg = K(0)(7.7)
and K(s) ∈ B(S). This proves (1).
Step 5 Assume that (X , X0) has only log-canonical singularities. By (7.4), there
exists a constant C > 0 such that∣∣∣∣∫
Zs∩U
F ϕ∗(Ξ ∧ Ξ)
∣∣∣∣ ≤ C
∣∣∣∣∣
∫
z∈U, z
e1
0 ···z
en
n =s
dz1
z1
∧ · · · ∧
dzn
zn
∧
dz1
z1
∧ · · · ∧
dzn
zn
∣∣∣∣∣
≤ C (− log |s|)n.
This, together with the equality R(s) =
∑
α∈A
∫
Zs∩Uα
χα ϕ
∗(mΞ ∧ Ξ)|Zs∩Uα , im-
plies the desired estimate |R(s)| ≤ C (− log |s|)n. This proves (2). 
7.3. The case of canonical singularities. We assume that X0 is reduced and
the pair (X , X0) has only canonical singularities. Set lq := hq(Xs,ΩnXs(ξ
∨
s )).
Theorem 7.2. The L2 metric on Rqπ∗ωX/S(ξ)|So extends to a continuous Her-
mitian metric of class B(S) on Rqπ∗ωX/S(ξ)|S for all q ≥ 0.
Proof. After shrinking S if necessary, we get by Lemma 5.2 sections Ψ1, . . . ,Ψlq ∈
Hq(X,Ωn+1X (ξ)) such that R
qπ∗Ω
n+1
X (ξ)|S = OSΨ1 ⊕ · · · ⊕ OSΨlq . We set
gαβ¯(s) := (Ψα ⊗ (π
∗ds)−1|Xs ,Ψβ ⊗ (π
∗ds)−1|Xs)L2(7.8)
for s ∈ So. Then gαβ¯ ∈ C
∞(So) and det(gαβ¯) > 0 on S
o. It suffices to prove that
gαβ¯ ∈ B(S) and det(gαβ¯) > 0 on S.
There exist ψα ∈ H0(X,Ω
n−q+1
X (ξ)) and Ξα ∈ H
0(X \ SingX0,Ω
n−q
X/S(ξ)) by
Theorem 5.1 such that
Ψα = [ψα ∧ κ
q
X ], ψα|X\SingX0 = Ξα ∧ π
∗ds.
In Hq(X \X0, ωX/S(ξ)), we get the equality
Ψα ⊗ (π
∗ds)−1 = [Ξα ∧ κ
q
X ], α = 1, . . . , lq(7.9)
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under the canonical identification ωX/S(ξ)|X\X0 = Ω
n
X/S(ξ)|X\X0 . Since Ξα is
holomorphic and hence Ξα∧κ
q
X |Xs is the harmonic representative of the cohomology
class Ψα ⊗ (π∗ds)−1|Xs for s ∈ S
o, we deduce from (7.8), (7.9) that
π∗(i
(n−q+1)2hξ(ψα ∧ ψβ) ∧ κ
q
X ) = i gαβ¯(s) ds ∧ ds¯.(7.10)
Since ψα ∈ H0(X,Ω
n−q+1
X (ξ)), we see that hξ(ψα ∧ψβ)∧κ
q
X is a C
∞ (n+1, n+1)-
form on X . By Lemma 7.1 (1) and (7.10), we get gαβ¯(s) ∈ B(S).
By (6.17) and the second inequality of Lemma 6.4, there exists C > 0 such that
det
(
Ψα ⊗ (π
∗ds)−1|Xµ(t) ,Ψβ ⊗ (π
∗ds)−1|Xµ(t)
)
L2
= |t|−2δ
q
W det
(
Θα ⊗ (f
∗dt)−1|Yt ,Θβ ⊗ (f
∗dt)−1|Yt
)
L2
≥ C |t|−2δ
q
W .
(7.11)
Since δqW ≥ 0, there exists ǫ > 0 such that for all s ∈ S
o,
det(gαβ¯(s)) = det
(
Ψα ⊗ (π
∗ds)−1|Xs ,Ψβ ⊗ (π
∗ds)−1|Xs
)
L2
≥ ǫ > 0.
(7.12)
Since gαβ¯(s) ∈ B(S), we get det(gαβ¯(0)) ≥ ǫ > 0 by (7.12). 
Corollary 7.3. There exist c ∈ R, r ∈ Q>0 and ν ∈ Z≥0 such that as s→ 0
log ‖σqW (s)‖
2
L2 = c+O (|s|
r(log |s|)ν) .
Proof. Since HomG(W,R
qπ∗ωX/S(ξ)) ⊗W ⊂ R
qπ∗ωX/S(ξ) is a holomorphic sub-
bundle, the result follows from Theorem 7.2. 
Proof of Theorem 1.2 (2) By the definition of equivariant Quillen metrics,
log τG(Xs, ωXs(ξs))(g)
= log ‖σ(s)‖2λG(ωX/S(ξ)),Q(g)−
∑
q≥0,W∈Ĝ
(−1)q
χW (g)
dimW
log ‖σqW (s)‖
2
L2 .
(7.13)
The result follows from (7.13), Theorem 4.4 and Corollary 7.3. 
Corollary 7.4. If X0 is reduced, normal and has only canonical singularities and
if (ξ, hξ) is semi-negative in the dual Nakano sense on X, then there exist c ∈ C,
r ∈ Q>0, l ∈ Z≥0 such that as s→ 0
log τG(Xs, ξs)(g) = (−1)
n+1ag(X0, ξ) log |s|
2 + c+O
(
|s|r(log |s|)l
)
.
Proof. Since (ξ∨, hξ∨) is Nakano semi-positive on X , the result follows from Theo-
rem 1.2 (2) and (6.23). 
7.4. The case of log-canonical singularities. We assume that X0 is reduced
and the pair (X , X0) has only log-canonical singularities. As before, we set lq =
hq(Xs,Ω
n
Xs
(ξs)).
Lemma 7.5. As s→ 0
log det
(
Ψα ⊗ (π
∗ds)−1|Xs ,Ψβ ⊗ (π
∗ds)−1|Xs
)
L2
= O (log(− log |s|)) .
In particular, as s→ 0,
log ‖σqW (t)‖
2
L2 = O (log(− log |s|)) .
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Proof. Recall that gαβ¯(s) was defined by (7.8). By (7.10) and the smoothness of
the top form hξ(ψα ∧ ψβ) ∧ κ
q
X , we get the following estimate by Lemma 7.1 (2)
|gαβ¯(s)| ≤ C (− log |s|
2)n.(7.14)
The result follows from (7.12) and (7.14). 
Proof of Theorem 1.2 (1) By Proposition 6.8, Lemmas 6.9 and 7.5, we get
Lg
(
µ∗Rπ∗ωX/S(ξ)/Rf∗ωY/T (F
∗ξ)
)
= 0. The result follows from Theorem 1.1. 
8. Examples and questions
Example 8.1. Recall that βg was defined in (6.22). We give examples of one-
parameter families with αg(X0, ωX/S) 6= βg. Assume G = {1} and write α, β for
α{1}(X0, ωX/S), β{1}, respectively. We set C := P
1. The inhomogeneous coordi-
nate of C is denoted by s = s1/s0. For d ∈ Z>0, set
X ′ := {([x], s) ∈ Pn+1 × C; xd0 + · · ·+ x
d
n − s x
d
n+1 = 0}(8.1)
and let µ : X → X ′ be a projective resolution of the singularities of X ′. We set
π := pr2|X ′ ◦ µ. Then the family π : X → C is smooth over C \ {0,∞}. Let
(Cn+1, (z0, · · · , zn)) be the inhomogeneous coordinates of Pn+1 defined by zi =
xi/xn+1. Since X∩(C
n+1×C) is the graph of the holomorphic function zd0+· · ·+z
d
n
from Cn+1 to C, we may regardCn+1 as a coordinate neighborhood of X such that
π(z) = zd0+ · · ·+z
d
n. Then X0 has a unique singular point at p := ((0 : · · · : 0 : 1), 0)
and OX0,p ∼= C{z0, . . . , zn}/(z
d
0 + · · · + z
d
n). We set S := {s ∈ C; |s| < 1}. Then
∆ ∩ S = {0}. We compute α and β.
By (8.1), we regard Xs ⊂ Pn+1 for s 6= ∞. Since the ideal sheaf IXs of Xs in
Pn+1 is isomorphic to OPn+1(−d) and hence
ωXs
∼= ωPn+1 ⊗NXs/Pn+1 |Xs
∼= OPn+1(d− n− 2)|Xs
by the adjunction formula, we get for all s ∈ S and q ≥ 0
Hq(Xs, ωXs)
∼=

H0(Pn+1,OPn+1(d− n− 2)) (q = 0),
0 (0 < q < n),
Hn+1(Pn+1,ΩPn+1) ∼= C (q = n).
(8.2)
By (8.2), the L2-metric on Rqπ∗ωX/C|S is smooth on S for q > 0, i.e.,
log ‖σq(s)‖L2 = O(1) (q > 0).(8.3)
By the relative Serre duality, π∗ωX/C ∼= (pr2)∗ω(Pn+1×C)/C(X ), where the isomor-
phism is induced by the long exact sequence of direct images associated to the
following short exact sequence of sheaves on Pn+1 × C
0 −→ ω(Pn+1×C)/C −→ ω(Pn+1×C)/C(X ) −→ ωX/C −→ 0
and by the vanishing Rqπ∗ω(Pn+1×C)/C = 0 for q < n+ 1.
Set ze := ze00 · · · z
en
n and |e| =
∑
ei. A basis of H
0(Pn+1,Ωn+1
Pn+1
(Xs)) ∼=
H0(Pn+1,OPn+1(d−n−2)) is given by {z
edz0∧· · ·∧dzn/(zd0+· · ·+z
d
n−s)}|e|≤d−(n+2)
and the corresponding basis of π∗ωX/C|S as a free OS-module is given by
{ωe(s) :=
ze
zd−10
dz1 ∧ · · · ∧ dzn|Xs}|e|≤d−(n+2).
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We put σ0(s) :=
∧
|e|≤d−(n+2) ω
e(s) ∈ detH0(Xs,ΩnXs). Then σ
0 gives a basis of
the rank one OS-module detπ∗ωX/S . We define
ψs : P
n+1 ∋ (z0 : · · · : zn+1)→ (s
1
d z0 : · · · : s
1
d zn : zn+1) ∈ P
n+1.
Since ψs : X1 → Xs is an isomorphism with ψ
∗
sω
e(s) = s
n+|e|+1−d
d ωe(1), we get
ψ∗σ0(s) = s
∑
|e|≤d−(n+2)
(n+|e|+1−d)/d
σ0(1) = s−(
d
n+2)/dσ0(1).(8.4)
Since
‖σ0(s)‖2L2(Xs) = det(
∫
Xs
in
2
ωe(s) ∧ ωe′(s))|e|,|e′|≤d−(n+2)
= det(
∫
X1
in
2
ψ∗sω
e(s) ∧ ψ∗sω
e′(s))|e|,|e′|≤d−(n+2) = ‖ψ
∗
sσ
0(s)‖2L2(X1),
we get by (8.4)
log ‖σ0(s)‖2L2 = −
1
d
(
d
n+ 2
)
log |s|2 + log ‖σ0(1)‖2L2 .(8.5)
Substituting (8.3) and (8.5) into the first equality of (6.20), we get
β = α+
1
d
(
d
n+ 2
)
.(8.6)
By [31, Th. 8.1] and (4.15), we get
α = (−1)n+1
(−1)n
(n+ 2)!
µ(X0, p) = −
(d− 1)n+1
(n+ 2)!
,(8.7)
where µ(X0, p) is the Milnor number of (X0, p). By (8.6), (8.7), we get
β =
1
d
(
d
n+ 2
)
−
(d− 1)n+1
(n+ 2)!
.(8.8)
In particular, if d ≥ n+ 2, we get α 6= β in this example.
Let us compute β by using Lemma 6.9. If d ≤ n+1, then δ0 = 0 by (8.2). Assume
d ≥ n+2. Let r : X˜ → X be the blowing-up at o and set π˜ := r ◦ π : X˜ → S. Then
π˜−1(0) = X˜0+ dE, where X˜0 is the proper transform of X0 and E = r
−1(o) is the
exceptional divisor intersecting X˜0 transversally. Define µ : T → S by µ(t) = td.
Then the singular locus of X˜×ST is locally isomorphic to the product of the isolated
two-dimensional singularity {(x, y, s) ∈ C3; xyd = sd} and Cn−1. Let p : Y →
X˜ ×S T be the minimal resolution and set f := pr2 ◦ p. Then f : (Y, Y0) → (T, 0)
is a semistable reduction of π : (X,X0) → (S, 0). We set F := r ◦ pr1 ◦ p. Since
‖ωe(s)‖2L2 = |s|
2(n+|e|+1−d)‖ωe(1)‖2L2 by the relations ψ
∗
sω
e(s) = s
n+|e|+1−d
d ωe(1)
and s = td, tkµ∗ωe is an element of Γ(T, f∗ωY/T ) if and only if k ≥ d− (n+1)− |e|
by Proposition 6.6. Hence
µ∗(π∗ωX/S)/f∗ωY/T ∼=
⊕
|e|≤d−(n+2)
OT /m
d−(n+1)−|e|
0 .(8.9)
By (8.9), δ0 =
(
d
n+2
)
. Since δq = 0 for q > 0 by (8.2), we get (8.6) by Lemma 6.9.
Let p : X˜0 → X0 be the blowing-up at p and set E := p−1(p). By [20, (3.8.1)],
K
X˜0
= p∗KX0 + (n− d)E. Since the isolated singularity (X0, p) is log-canonical if
and only if d ≤ n+ 1, Eq.(8.6) is compatible with Theorem 1.2.
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Question 8.2. If all the direct images Rqπ∗ωX/S(ξ), q ≥ 0 are locally free on S,
does Theorem 1.1 remain valid without assuming the Nakano semi-positivity of
ξ? In general, what can one say about the singularity of log τG(Xs, ωXs(ξs))(g)
without the assumption of the Nakano semi-positivity of ξ? Does the logarithmic
divergence still hold? If it is the case, is the coefficient of log |s|2 expressed by the
topological term αg(X0, ωX/S(ξ)) and the g-action on the torsion modules ker(ϕ)
and coker(ϕ), where ϕ : Rqf∗ωY/T (F
∗ξ)→ µ∗Rqπ∗ωX/S(ξ) is the natural map?
Question 8.3. If µ∗Rqπ∗ωX/S(ξ) = R
qf∗ωY/T (F
∗ξ) for all Nakano semi-positive
vector bundles on X and for all q ≥ 0, then is the pair (X , X0) log-canonical?
Question 8.4. Is the Lefschetz trace Lg(µ
∗Rπ∗ωX/S(ξ)/Rf∗ωY/T (F
∗ξ)) expressed
by some other geometric data like the discrepancies of (X , X0), the monodromy of
the family π : X → S etc.?
Question 8.5. Are the coefficients νg, cg in Theorem 1.1 expressible in terms of some
local or global geometric data associated to the family π : (X,X0)→ (S, 0)?
9. Appendix
In this section, we prove some technical results. We keep the notation in Sect. 6.
9.1. A sequence of Ka¨hler forms on Z approximating κZ. The construction
of a sequence of Ka¨hler forms {κZ,k} in the proof of Proposition 6.2 is as follows.
(Although the construction of such a sequence of Ka¨hler forms is standard, we give
it here for the completeness reason and its use in Sect. 9.2.) Since X ×T S is a
hypersurface of a complex manifold X×S and since ρ : Z → X×S T is a composite
of blowing-ups with non-singular centers, there is a sequence by e.g. [1, Sect. 1.2],
[4, Th. 13.2]
W → Wm−1 → · · · → W1 → X × S
∪ ∪ ∪ ∪
Z → Zm−1 → · · · → Z1 → X ×T S
where allWi are smooth projective algebraic manifolds, each morphism πi : Wi+1 →
Wi is given by the blowing-up with non-singular center Ci ⊂ Wi, and Zi+1 is
the proper transform of Zi under the blowing-up πi : Wi+1 → Wi. We set ρi :=
πi|Zi+1 : Zi+1 → Zi. Then ρ = ρ0 ◦ · · · ◦ ρm−1. Let Ei be the exceptional divisor
of πi : Wi+1 → Wi. Then Ei ∼= P(NCi/Wi), where NCi/Wi is the normal bundle of
Ci in Ni. Let OWi(Ei) be the line bundle on Wi defined by the effective divisor Ei
and let σi be the canonical section of OWi(Ei) such that Ei = div(σi).
Since pr2◦π0◦· · ·◦πi(Ei) = {0}, there is a small open neighborhood V
(k)
i ⊂Wi+1
of Ei such that pr2◦π0◦· · ·◦πi(V
(k)
i ) ⊂ T (
1
k ). Since OWi(Ei)|Ei
∼= OP(NCi/Wi )(−1),
there is a Hermitian metric hOWi (Ei) on OWi(Ei) such that hOWi (Ei)(σi, σi) = 1 on
Wi \ Vi and such that c1(OWi (−Ei), h
−1
OWi (Ei)
)|Ei = dd
c log hOWi (Ei)(σi, σi)|Ei is a
positive (1, 1)-form on the relative tangent bundle TP(NCi/Wi)/Ci. For a Ka¨hler
form ωWi on Wi, there exists Ai > 0 such that Aiπ
∗
i ωWi + c1(OWi(−Ei), h
−1
OWi (Ei)
)
is a positive (1, 1)-form on TWi|Ei and hence on a neighborhood of Ei. Choosing
Ai large enough, we may assume that Aiπ
∗
i ωWi + c1(OWi (−Ei), h
−1
OWi (Ei)
) is a
positive (1, 1)-form on V
(k)
i . Since Aiπ
∗
i ωWi + c1(OWi (−Ei), h
−1
OWi (Ei)
) = Aiπ
∗
i ωWi
on Wi \ V
(k)
i , ω˜
(k)
Wi
:= π∗i ωWi +
1
Ai
c1(OWi(−Ei), h
−1
OWi (Ei)
) is a Ka¨hler form on Wi
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such that ω˜
(k)
Wi
= π∗i ωWi on Wi \V
(k)
i and [ω˜
(k)
Wi
] = π∗i [ωWi ]+
1
Ai
c1(OWi(−Ei)). (See
e.g. [12, Prop. 12.4] for more details.)
We set ωW0 := κX + κS . For k > 1, we get a sequence of Ka¨hler forms {ω
(k)
Wi
}
by the procedure as above. We define κZ,k := ω
(k)
W |Z . Write ρ
−1(Σ) =
⋃
λ∈ΛDλ.
By the construction of ω
(k)
W , there is a Hermitian metric hOZ(Dλ),k on OZ(Dλ) and
a real number a
(k)
λ ≥ 0 for every λ ∈ Λ such that
κZ,k = κZ −
∑
λ∈Λ
a
(k)
λ c1(OZ(Dλ), hOZ(Dλ),k)(9.1)
is a Ka¨hler form on Z with κZ,k = κZ on Z \̟−1(T (
1
k )). Here a
(k)
λ = 0 if Dλ is
not an exceptional divisor of ρ : Z → X ×T S by construction. By (9.1), we get
[κZ,k]|Z\Z0 = [κZ ]|Z\Z0 ,(9.2)
since OZ(Dλ)|Z\Z0
∼= OZ |Z\Z0 for all λ ∈ Λ. By (6.2), (9.2), we again get (6.4).
9.2. Takegoshi’s theorem with respect to the degenerate Ka¨hler form.
Since ρ : Z → X ×T S is a resolution obtained as a composite of blowing-ups with
non-singular centers, there is an extension of Takegoshi’s theorem (Theorem 5.1) for
Z by Mourougane-Takayama [23, Prop. 4.4] with respect to the degenerate Ka¨hler
form κZ = ρ
∗(κX + κS). However, it is not immediate from their proof if the
operator Lq in [23, Prop. 4.4] is given by the multiplication by κqZ . We make this
point clear by proving the following:
Proposition 9.1. For u ∈ Hq(Z,Ωn+1Z (ρ
∗ξ)), there exists σ ∈ H0(Z,Ωn+1−qZ (ρ
∗ξ))
such that u = [σ ∧ κqZ ] and (̟
∗dt) ∧ σ = 0.
Proof. We write Z0 =
⋃
λ∈ΛDλ. By the construction in Sect. 9.1, there is a Ka¨hler
form ωZ on Z of the form ωZ = κZ −
∑
λ∈Λ aλ c1(OZ(Dλ), hOZ(Dλ)), where aλ > 0
is a constant. By Theorem 5.1, there exists σ ∈ H0(Z,Ωn+1−qZ (ρ
∗ξ)) such that u =
[σ∧ωqZ ] and (̟
∗ds)∧σ = 0. Since σ∧(ωqZ−κ
q
Z) = σ∧(ωZ−κZ)∧
∑
i+j=q−1 ω
i
Zκ
j
Z ,
it suffices to prove the equality of cohomology classes on Z
[σ ∧ (ωZ − κZ)] = 0.
Let sλ be the canonical section of OZ(Dλ) such that div(sλ) = Dλ. Since
σ ∧ (ωZ − κZ) = ∂¯{σ ∧
∑
λ∈Λ
aλ ∂ log hOZ(Dλ)(sλ, sλ)/2πi},
it suffices to prove that σ ∧ ∂ log hOZ(Dλ)(sλ, sλ) is a C
∞ differential form on Z.
Set D :=
⋃
λ6=λ′ Dλ ∩Dλ′ and D
o
λ := Dλ \D. Let p ∈ D
o
λ. There is a system of
coordinates (V , (z0, . . . , zn)) of Z centered at p such that ̟(z) = ǫ(z) z
eλ
0 for some
eλ ∈ Z>0 and a nowhere vanishing ǫ(z) ∈ O(V). Since ̟(z) = ǫ(z) z
eλ
0 and hence
̟∗ds = eλǫ(z)z
eλ−1
0 dz0 + z
eλ
0 dǫ, the condition (̟
∗ds) ∧ σ = 0 implies that
dz0
z0
∧ σ = −
1
eλǫ(z)
dǫ(z) ∧ σ ∈ Ωn+2−qV (ρ
∗ξ).(9.3)
Let p ∈ D. There is a system of coordinates (U , (z0, . . . , zn)) of Z centered
at p such that ̟(z) = ǫ(z) ze00 · · · z
en
n for some ei ∈ Z>0 and a nowhere vanishing
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ǫ(z) ∈ O(U). If ei > 0, then we deduce from (9.3) that (
dzi
zi
∧σ)|U\D ∈ Ω
n+2−q
U\D (ρ
∗ξ).
Since D has codimension 2 in U , we get by the Hartogs extension theorem
dzi
zi
∧ σ ∈ Ωn+2−qU (ρ
∗ξ).(9.4)
Let p ∈ Z0. There is a system of coordinates (U , (z0, . . . , zn)) as above such that
̟|U(z) = ǫ(z) z
e0
0 · · · z
en
n . There exist φ ∈ C
∞(U) and νi ∈ R such that
log hOZ(Dλ)(sλ, sλ)|U =
n∑
i=0
νi log |zi|
2 + φ.(9.5)
Here ei = 0 implies νi = 0. By (9.4) and (9.5), we get
σ ∧ ∂ log hOZ(Dλ)(σλ, σλ)|U =
n∑
i=0
νi σ ∧
dzi
zi
+ σ ∧ ∂φ ∈ An+2−q,0U (ρ
∗ξ).
(9.6)
Since p ∈ Z0 is an arbitrary point, we get σ∧∂ log hOZ(Dλ)(σλ, σλ) ∈ A
n+2−q,0
Z (ρ
∗ξ).
This completes the proof. 
As a consequence of Proposition 9.2, we get Takegoshi’s theorem (Theorem 5.1)
for (Y, F ∗ξ) with respect to the degenerate Ka¨hler form κY = r
∗(κX + κT ).
Proposition 9.2. For v ∈ Hq(Y,Ωn+1Y (F
∗ξ)), there exists τ ∈ H0(Y,Ωn+1−qY (F
∗ξ))
such that v = [τ ∧ κqY ] and (f
∗dt) ∧ τ = 0.
Proof. Set u := q∗v ∈ Hq(Z,Ωn+1Z (ρ
∗ξ)). By Proposition 9.1, there exists σ ∈
H0(Z,Ωn+1−qZ (ρ
∗ξ)) such that u = [σ ∧ κqZ ] and (̟
∗ds) ∧ σ = 0. By the proof
of Proposition 6.2, there exists τ ∈ H0(Y,Ωn+1−qY (F
∗ξ)) such that q∗τ = σ.
Since q∗κY = κZ , we get q
∗(v − [τ ∧ κqZ ]) = 0. Since the map of cohomologies
q∗ : Hq(Y,Ωn+1Y (F
∗ξ)) → Hq(Z,Ωn+1Z (ρ
∗ξ)) is an isomorphism by [28, Th. 6.9 (i)],
we get v = [τ ∧ κqY ]. We get the equality (̟
∗dt) ∧ σ = 0 as before in the proof of
Proposition 6.2. 
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